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CHAPTER 1

Introduction

Today: the homotopy hypothesis

In classical algebra, we study sets, monoids, groups, abelian groups, rings. Each of these structures
are built upon the other. In higher-level courses, we may study groupoids, which are examples of categories.
Categories, more generally, can be seen as generalizations of monoids. Monoidal categories, which are
categories with extra structure, are a generalization of rings, in some sense.

In higher algebra, we study spaces, E;-spaces, spectra, E;-ring spectra. Underlying these objects we
have oo-groupoids, oo-categories, and monoidal co-categories. When we study spaces, we do not consider
them up to homeomorphism, but instead up to weak homotopy equivalence. Thus, when we refer to “studying
spaces,” we will always mean that we are studying topological spaces up to weak homotopy equivalence. We
now give a synthetic definition of what an oco-category is; we will circle back to a technical definition later.

INFINITY
CATEGORIEY

What is an oo-category? An oco-category (or (oo, 1)-category) € should consist of:

(1) a class of objects,

(2) a class of morphisms so that Home (X, Y) is a space, considered up to weak homotopy equivalences

(3) a class of n-morphisms for n > 2, where for instance 2-morphisms are morphisms of 1-morphisms,
3-morphisms are morphisms 2-morphisms, etc.

(4) morphisms can be composed in a suitable way,

(5) n-morphisms for n > 2 are invertible in some sense.

An oco-groupoid (or (0o, 0)-category) is an co-category where all the 1-morphisms are also invertible in
some sense.
Why study spaces up to weak homotopy equivalence? By the Yoneda lemma, we have

X =Y < Hommyp (A, X) 2 Homrpop(A,Y)

for all A € Top. Figuring out Hom(A, X)) up to bijection for all A is very difficult, so we prefer to study
continuous maps up to homotopy. If X and Y are nice enough, we say that f ~ ¢ in Hom(X,Y) if there is
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some path I — Map(X,Y) so that 0 — f and 1 — g. We define [X,Y] = Homrop(X,Y)/ ~. Then X ~Y
if and only if [A4, X] 2 [A,Y] for all A € Top.

We may then ask when [A, —] : Top, — Set factors through Grp or Ab. One can show that [A, —] factors
through Grp if and only if A is a co-H-group in Top. That is, there are maps

A— AV A
A — x,

which are coassociative, counital, coinvertible.

Example 0.1. One example of a co-H-space is S™ for n > 1. The map S™ — S™ VvV S" is the pinch map,
and the counit is the unique map S™ — .

Definition 0.2. A space X is weakly homotopy equivalent to Y, written X ~ Y if there is a map X — Y
inducing an isomorphism

Ta(X) = [87, X], 2 S, V], = ma(Y),
for all n > 0 (for n > 1 this is a group isomorphism).

Note that if X ~ Y, then H,(X) = H,(Y) for any n.

THEOREM 0.3. (Cellular approximation) For any X in Top, there exists a CW complex X with a
canonical map X — X that is a weak equivalence.

THEOREM 0.4. (Whitehead) If X, Y are CW complexes, then X = Y is a homotopy equivalence if and
only if X =5 Y is a weak homotopy equivalence.

Exercise 0.5. Find spaces X and Y which are weakly homotopy equivalent but not homotopy equivalent.



CHAPTER 2

Homotopy theories

1. Simplicial sets

Let A denote the simplex category, whose objects are ordered sets of the form [n] = {0,1,...,n}, and
whose morphisms are order-preserving maps. The morphisms of A are generated by cofaces and codegen-
eracies. For example, cofaces are of the form

d°,d" : [0] — [1],

skipping 0 or 1 in [1], etc. The codegeneracies look like s° : [1] — [0] which “repeat” an element. The cofaces
and codegeneracies satisfy certain cosimplicial identities.

If C is a category, we let sC = C2"" denote the category of simplicial objects in C. If € = Set, we
write sSet := Set®” and call it the category of simplicial sets. A simplicial set X, € sSet consists of sets
X0, X1, ... together with face and degeneracy maps satisfying the simplicial identities.

Example 1.1 (The nerve of a small category). Let € € Cat be a small category. We let NoC denote the
simplicial set with Ny€C = ObC, N;€ = MorC, and N,,C the set of n composable morphisms in €. That is,

Np,C = NiC xpnye - Xny,e N1C.
The face maps are given by source/target/composition, and the degeneracies insert an identity morphism.
Example 1.2. By the Yoneda embedding, we get a functor

A" := Homa (—, [n]) : A°? — Set.
If X, is a simplicial set, then the set of n-simplices X, is in bijection with Homgget (A™, X).
Example 1.3 (Dold—Kan). There is an isomorphism Ch%0 L sModpg, where I';,Co = @[] x)Ck. The
faces and degeneracies are left as an exercise.

Example 1.4. Define A%Op C R+ by

{(to,...,tn)eR"“:Ogtigl, Ztizl}.

View [n] = {vo,...,vn}, for v; = (0,...,0,1,0,...,0) with a 1 at the ith place. Then if a: [m] — [n] in
A, we can define a(v;) = va). Extend linearly to get cu.: A, — A% . Then A% is a cosimplicial
topological space.

Example 1.5. If X € Top, we can define a simplicial set Sing, (X) € sSet by Sing,, (X) = Homrop (Aa@op7 X).
Definition 1.6. If X, € sSet, its geometric realization is the topological space

| Xo| = >0 Xn ¥ A%Op/ ~,
where (z,s) ~ (y,t) if and only if there is some «: [m] — [n] so that a*y = x and a,s = t.
Example 1.7. For n >0, [A7| = AR, .
Exercise 1.8. For any simplicial set X, | X,| is always a CW complex.

Exercise 1.9. There is an adjunction | — | : sSet = Top : Sing(—)

Definition 1.10. A map X, — Y, is a weak homotopy equivalence in sSet if | Xo| = |Y,| is a weak homotopy
equivalence of spaces.



THEOREM 1.11 (Quillen). Simplicial sets up to weak equivalence is equivalent to topological spaces up
to weak homotopy equivalence. Moreover, for any X € Top, |Sing(X)| is weakly equivalent to X.

The homotopy hypothesis (continued). If we are interested in studying Top up to weak homotopy
equivalences, we may equivalently study sSet up to weak equivalence; the relationship between the two
categories was given by the geometric realization / singular complex adjunction.

Recall that A™ = Homa (—, [n]). We define the kth horn A}} C A™ as a coequalizer in sSet

H An72 — HAn71 N AZ7

0<i<j<n ik

where the two maps are 67~! and §°. The geometric realization of A} is the topological n-simplex, with the
middle and the face opposite the kth edge removed.

Definition 1.12. A simplicial set ¥ € sSet is a Kan complex if for all k£ < n, and for every A} — Y, there
exists a (not necessarily unique) lift:

A — Y
A

-
-
-
-
-
-

An

Exercise 1.13. A simplicial set Y is a Kan complex if and only if for any (n—1)-simplices y1, ..., Yk—1, Yk+1s- - - s Yn
such that d;y; = d;j_1y; for i < j, 4,7 # k, there exists an n-simplex y such that d;y = y; for all ¢ # k.

Exercise 1.14. The simplicial set Sing(X) is always a Kan complex for any X € Top.
Exercise 1.15. The simplicial set A™ is not a Kan complex for n > 1.
Exercise 1.16. If X € sGrp, then the underlying simplicial set of X is always a Kan complex.

We will see later that, up to weak homotopy equivalence, every simplicial set is a Kan complex.
Recall the Dold-Kan correspondence

sModyz = Chz”,

which sends weak homotopy equivalences to quasi-isomorphisms. Given a simplicial set X, we can take an
associated simplicial abelian group Z[X,] by taking the free group on n-simplices at level n. We can ask
what Z[X,] corresponds to as a chain complex. One answer is that

Z[Sing(X.)] + C.(X;7Z),

8



which tells us that
7, (Z [Sing(X)]) & H.(X;Z).

In some sense, we can view Z[Sing(X)] as being (equivalent to) the free commutative monoid on X. This
statement is what is known as the Dold-Thom theorem.

Homotopy hypothesis: Spaces (up to weak equivalence) are oo-groupoids. For us, spaces up to weak
equivalences correspond to Kan complexes.

Given X € Kan, we can call Xy the objects, and X; the morphisms. The horn filling conditions imply
that we can compose and invert morphisms in X7, witnessed by simplices in Xs.

Definition 1.17. A quasi-category (i.e. oo-category) is a simplicial set with inner horn lifting property.
That is, we can lift against horns A} for 0 < k < n.

Exercise 1.18. A quasi-category has unique horn filling if and only if it is isomorphic to the nerve of a

1-category.

2. Model structures

Vista: Every nice infinity category is equivalent (in some sense) to a model category.

Notation 2.1. Let M be a category, and xy C M a class of morphisms. We define LLP(x) to be the class of
morphisms in M so that f has the left lifting property with respect to all morphisms in y:

Similarly we can define f € RLP(x) by

Definition 2.2. A weak factorization system on a category M consists of a pair (C, F) of classes of morphisms
such that



(1) Given any f: X — Y in M, it factors (not necessarily uniquely) as

x — 1 Ly

SN S

(2) € =LLP(¥) and F = RLP(€).

Example 2.3. In Set, the monomorphisms and epimorphisms give a weak factorization system. A factor-
ization is
X ! Y

XxY

Definition 2.4. A model structure on M consists of three classes of morphisms:

W | weak equivalences
Cof | cofibrations
Fib | fibrations

We use the notation Cof := Cof N W and Fib = Fib N W, and call these trivial cofibrations (resp. trivial
fibrations). These collections of morphisms are subject to the constraint that

(1) M is bicomplete (all limits and cohmlts)E]
(2) W satisfies 2-out-of-3 propertyﬁ

(3) (Cof, Flb) and (COf,Flb) are weak factorization systems.

Terminology 2.5. A category with a model structure is referred to as a model category.

daAc=D,
MODEL CATS

Notation 2.6. We will decorate each class of morphisms as

~

W | —
Cof | —
Fib | —»

Lwe might also require finitely bicomplete.
21f f and g are composable, and any two of f, g, gf are in W then so is the third.
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Exercise 2.7. The collections W, Cof, and Fib are closed under retracts: that is, if we have a diagram

then if g € W (resp. Cof or Fib) then f € W (resp. Cof or Fib).

Definition 2.8. Let M be a model category, and let () € M the initial object and * € M the terminal object.
We say that X € M is cofibrant if the unique map # — X is a cofibration.

We say that X € M is fibrant if the unique map X — « is a fibration.

We say that X is a cofibrant replacement of X if

@—>\)~(/X

We say that Xisa fibrant replacement of X if

X\N—/*

Example 2.9. Let M = Top, W = weak homotopy equivalences, Cof = relative CW complexeﬂ The
fibrations are determined by Fib = RLP(Cof) or, equivalently, RLP(D™ — D™ x I). Every object is fibrant,
and the cofibrant objects are precisely the CW complexes. Cofibrant replacement is cellular approximation.

Proposition 2.10. Identities and isomorphisms are weak equivalences in a model category.
PrOOF. For any X € M, we can fibrantly replace it to get X < X. Consider the commutative diagram

X —4 X

N A

By 2-out-of-3, the identity id: X — X is also a weak equivalence. More generally if f: X — Y is an
isomorphism in M, then by the diagram

J)

X Yy — X
A
Y —— Y ——Y,
we see that f is contained in W. |

If (C,J) is a weak factorization system, then both € and F are closed under retracts. Hence Cof, (’]5%,
Fib, Fib are closed under retracts. As an exercise, show that W is also closed under retracts.

Exercise 2.11. A category M is a model category if and only if M°P is a model category.

THEOREM 2.12. Cofibrations are closed under pushouts and coproducts.

3A < X is a relative CW complex if X is built out of A by attaching cells.
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PROOF. Given any test square, we can try to lift:

X —Y 7; A
\[ //,/I’/:k/,/ iw
Z —— P B

We know that each X; — Y; is a cofibration hence it lifts against the big square. By universal property a
map I1;Y; — A exists. O

Example 2.13. If C is a bicomplete category, then € has a model structure where W is the isomorphisms,
and Cof = Fib = MorC.

Example 2.14. If M = Top, the Quillen model structure is given by

o W = weak homotopy equivalences,
e Cof = retracts of relative CW complexes,
e Fib = Serre fibrations (RLP(D" — D" x I)).

Example 2.15. The Strgm (or Hurewicz) model structure on Top is given by

e W = homotopy equivalences,
e Fib = Hurewicz fibrations (RLP(A — A x I) for all A € Top),
e Cof = closed cofibrations in Top.

Fibrant replacement in the Strgm model structure looks like

Where My = (X x I) Ux Y is the mapping cylinder.
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Example 2.16. The Kan model structure on sSet is given by

e W = weak homotopy equivalences,
e Cof = monomorphisms (levelwise injections),
e Fib = Kan fibrations (RLP(A} — A") for all 0 < k < n).

Everything is cofibrant here (since the empty simplicial set injects into everything). Fibrant objects are Kan
complexes. Thus, every simplicial set is weakly equivalent to a Kan complex!

THEOREM 2.17 (Milnor). The natural map X — Sing(]X|) is a weak homotopy equivalence for any
simplicial set X. (See also Kerodon, 3.5.4.1.)

Definition 2.18. Let C be a category, and W C € a subcategory. A functor F' : € — D is called the
localization of C with respect to W if:

(1) F(f) €isoD if f € MorW,
(2) For any other F’ satisfying (1), we have

e £, p
o
¢

We let C — C[W 1] denote the localization.

Here is a naive way to construct C[W ~1]: we take the free category on € and “W~1.” That is, we take
the same objects, but allow morphisms to be “zigzags” of morphisms forward in € and morphisms backwards
in W, and we mod out by the relation that things in W become isomorphisms. There are size issues here.

THEOREM 2.19. If M is a model category, then localization M — M[W ~!] exists. We denote by
Ho(M) = M[W ~1] the homotopy category of M.

Recall in Top that f ~¢g: X — Y if thereisamap H : X xI — Y so that H(—,0) = f and H(—,1) = g.
Definition 2.20. Let M be a model category. A cylinder object on X € M is defined to be
XX v Y

~ A

Cyl(X)

The construction of cylinder objects is not functorial.

A (left) homotopy from f to g is a map H : Cyl(X) — Y such that Hoig = f and Hoi; = g. We
denote this by f ~ g.

Proposition 2.21. We have that ig : X — Cyl(X) is a weak equivalence (and same for 41).
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PrOOF. We have
id

X s xux Y3y

io\\\\\) l /
)

Cyl(X

By 2-out-of-3 on the outside maps, the result follows. O

Proposition 2.22. If X is cofibrant, then ig,i; : X — Cyl(X) are cofibrations.

PROOF. Since cofibrations are preserved under pushouts, we have that i and iy are cofibrations:

) — X

[ L

X — XIOX
i1
O

THEOREM 2.23. (Exercise) If X is cofibrant, then homotopy ~ gives an equivalence relation on Hom(X,Y)
for any Y.

We can think of a map
Homy(X,Y)/ ~ x Homy (Y, Z)/ ~ — Homp (X, Z)/ ~
(fig) = gof.
In order for this to be well-defined, we need Z to be fibrant.
Lemma 2.24. If Z is fibrant, and f ~ ¢ : X — Z, then if h : X’ — X, we have that fh ~ gh.
ProOOF. We have H : Cyl(X) — Y with Hy = f and H; = g. By lifting, we get

X1IX — XIIX —2 Cyl(X)

Cyl(X") X' X.

This gives the desired map. We used fibrancy of Z to ensure that the map Cyl(X) — X was a trivial
fibration (or could be replaced with a better cylinder object using a map to Z). |

THEOREM 2.25. In M, given f: X — Y with X cofibrant and Y fibrant, then f € W if and only if f is
a homotopy equivalence

Notation 2.26. M, = cofibrant objects in M, and M = fibrant objects in M. We denote by M.; = objects
which are both cofibrant and fibrant.

Concretely, we can define Ho(M) as the objects in M, but where
Homggo(i) (X, Y) = Homyy,, /~ (RQX, RQY),

where R is a fibrant replacement and @ is a cofibrant replacement.

4Meaning that there is some g : Y — X with fg ~id and ¢gf ~id.
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Exercise 2.27. Given X — Y in M, there exists QX i> QY such that

Qx —15 qv
X — Y.
Here fis well-defined up to left homotopy.
Given some M — Ho(M), we just need to check that W — isos, and it is universal in that way.

3. Derived functors

Definition 3.1. Suppose M and N are model categories, and take a functor F' : M — N. A left derived
functor of F is an (absolute) right Kan extension of F' along vy : M — Ho(M):

M—L N
"/J\AJ/ N //7\
Ho(M) -~
if G:Ho(M) — N and s : G o vy = F, then there exists a unique s’ : G = LF so that o (s’ oyy) = s

M—>N

'ml /

Definition 3.2. Let F : M — N. A total left derived functor LF : Ho(M) — Ho(N) is the left derived
functor of M 5 N 2%, Ho(N).

Example 3.3. If ¥ : M — N where if f € W between cofibrant objects then Ff is a weak equivalence in
N, then LF exists:

M—LE N Ho(N)

Ho(M) ~~

We will have that LF(X) = F(X) whenever X is cofibrant. In general, LF(X) = F(Q(X)).

Definition 3.4. Let F: M — N. We say that F is a left Quillen functor if
(i) F is a left adjoint
(ii) F preserves cofibrations and trivial cofibrations.
In this case if G is a right adjoint, then we say the adjunction is a Quillen adjunction / Quillen pairﬁ
Exercise 3.5. Show that L is left Quillen if and only if G is right Quillen.
Lemma 3.6. (Ken Brown’s Lemma) If F': M — N is any functor between model categories which sends

trivial cofibrations between cofibrant objects to weak equivalences in N, then F' sends any weak equivalence
between cofibrant objects to weak equivalences.

PROOF. Let f : A = B, where A, B € M.. We need F(f) to be a weak equivalence. Consider the
factorization of the coproduct of f and the identity on B:

AHB indB
C

5There is a dual notion of right Quillen functor, meaning it is a right adjoint which preserves fibrations and trivial fibrations.
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Then consider the pushout:

We have that

BYE AUBYL ¢

Al anpd o
are both trivial cofibrations, hence their images under F' are weak equivalences. We see that
F(p)oF(qoidg) = F(pogoidg) = F(idg).
Therefore F(p) is a weak equivalence by 2-out-of-3. |

THEOREM 3.7. Suppose that F': M — M is left Quillen. Then LF : Ho(M) — Ho(N) exists and can be
defined as

Ho(M) % Ho(M,) £ Ho(N).
Moreover, we obtain an adjunction on the homotopy categories:
LF : Ho(M) 2 Ho(N) : RG.
PRrROOF IDEA. We have a natural iso
Homy (X, G(Y)) = Homy(F(X),Y),
compatible with homotopy equivalence:
Homy(X,G(Y))/ ~= Homy(F(X),Y)/ ~
O

Theorem/Definition: Take a Quillen adjunction F : M = N : G. Suppose that f : X = G(Y),
with X € M, and Y € Ny is a weak equivalence if and only if fo e F(X) — Y is. Then LF and RG are
equivalences of categories, we call this a Quillen equivalence.

Example 3.8. We have that
| — | : sSetkan = Topquilten : Sing(—)
is a Quillen equivalence.
Example 3.9. We have that
id : TOpQuillen = Topgirem : id
is a Quillen adjunction but not a Quillen equivalence.

Q: If M and N are model categories such that there is an equivalence of categories Ho(M) = Ho(N), is
this always coming from a Quillen equivalence?

A: No! Dugger—Shipley, 2009.

This indicates that Quillen equivalence is a good notion but it is not a perfect notion.
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4. Guided example: chain complexes

Let’s take Chyz to be homologically graded unbounded chain complexes. There are three model structures
of interest. We first start with the projective one:
(Chz)
e weak equivalences are quasi-isomorphisms
e fibrations are levelwise epimorphisms
e cofibrations are levelwise monomorphisms such that the cokernel of each f, : X,, — Y, is free.

If M € Ab, we define S™(M) to be the chain complex M[n] which is concentrated in M at degree n. If
M =7, we call it S™. We define D™(M) to be a chain complex

projective :

s 0 MY M0
with two M’s concentrated in degrees n and n — 1. We call D™(Z) =: D".
Exercise 4.1. Show that fibrations are RLP(0 — D™) for all n. That is,

0 — X

\[ /7 l

Dt —— Y.

We claim this lifts iff X — Y is a levelwise epimorphism. We have that Homcy, (D™, Y) 2 Y, so we are just
asking if every element in Y, lifts to an element in X,,.

Exercise 4.2. Show that Fib = RLP (S” — D”'H) for all n. Consider Homcy (S™,Y). A map looks like
Z 0

L

Y, —— Y ——

That is, it picks out a class in Y,, which maps to zero under the differential. The data of a square

sn—l X
[ F
DY —— Y
is the data of (y,z) € Y,, ® Z,,_1X so that p(z) = dy. Show that a lift exists if and only if p is a trivial
fibration.

Other model structures.
(Chg)

injective*

17



e W = quasi-isomorphisms
e Cof = fiberwise monomorphismsﬁ
e Fib = fiberwise epimorphisms with fibrant kernel

We get a Quillen equivalence
:id.

injective *

We also have have a third one which is not Quillen equivalent.
(Chg)
e W = homotopy equivalences of chain complexes
e Cof = gplit levelwise monomorphisms
e Fib = split levelwise epimorphisms
We denote by D(R) = Ho ((ChR)pmj) the derived category of a ring R.

We can also think about connective chain complexes (which are zero in negative degrees). We have an
adjunction

projective

Hurewicz*

Chg = Chz.

This induces a model structure on Chfz0 making it into a Quillen adjunction but not a Quillen equivalence.
We denote by Ho(Chz") = DZO(R).

We get a model structure: (Ch;o)pmj

e W = quasi-isomorphisms
e Fib = positive epimorphisms (may not be epi in degree 0)
e Cof = monomorphisms with projective cokernel. The cofibrant objects here are levelwise projective
R-modules.
If we take M € Modg, we can view S°(M) € Chz’, and take a cofibrant replacement of it P = S°(M).
This is exactly a projective resolution of M!

Py Py Py 0
[
0 0 M 0.

Example 4.3. Let M € Modg. Then we can take
S%(M) ®@g — : Chz” — Chz’.
We can check that this is left Quillen. We can look at its total left derived functor S°(M) ®@% —. We can
see that
M &% N = S°(M) @% S°(N) ~ S°(M) @ P,
where P, is a projective resolution of N. We have that
H;(M &% N) = Torj*(M, N).
Exercise 4.4. In the same way, if we want to derive hom, we can check that
Homp>o gy (S™(M), S™(N)) = Exty "(M, N).
Via Dold-Kan, we have a Quillen adjunction
R[] : sSetkan = sModp, : U,

with the model structure on sModpg given by weak homotopy equivalences as underlying simplicial sets, and
fibrations as underlying Kan fibrations.
Then Dold-Kan takes the form of a Quillen equivalence

N : (sModg)kan = (ChZ%)proj : T

6Here we roughly have that Cof = LLP(D™ — 0) and Fib = LLP(D"+! — §7).

18



In general N(X ®gY) %2 N(X) @ N(Y), however N(X ® Y) 2 N(X) ®g N(Y). They both describe
D=9(R) in a monoidal way.
For Dold-Kan Ch>g = sModg, we have

M@N=2M®R®N = M@R*N-..
we denote this by Be(M, R, N) and call it the bar construction.

5. Homotopy (co)limits

Motivation: Limits and colimits are not invariant under (weak) homotopy equivalence.

X —0CX X — %
\[ "l l rl
CX — ¥X * > %

However XX # x.
Let M be a model category, and € a small category. Then we denote by Fun(€, M) = M®. Let €y C C

be the discrete subcategory spanned by Ob(@). Let M® = Heo M. This has a model structure where W,
Fib, and Cof are determined objectwise.
Consider ¢ : €y < €. This induces a map

L ME — Mo
F— Flg, .
This admits adjoints:

L —|i*—|i*.

We have that * creates W and Fib.
‘We have (Me)p

o W = objectwise weak equivalence
e Fib = objectwise fib
e Cof = 7 induced by ¢Cof

We have that M is cocomplete, so we get a tensoring
M x Set® — M©
(X,F) —»X®F= HF(_)X.

roj’

We have (X x F)(c) = lp)X.
There are representable functors

C(e,—) : € — Set
d — C(c,d).
By Yoneda, there is a natural iso
Set®(C(e, —), F) = F(c).
Tensoring with a representable functor gives
X ®C(c,—) = Here,—) X.

This is the free diagram of X generated at c.
This gives an adjunction

—®Cc,—) : M= M : ev,.
In this case

L!(F) = HC H@(c’,) F(C),
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which is the free diagram in M generated by F'. Evaluating at d gives
u(F)(d) = eee Hee,a) F(c)-
This is the functor ¢ : M® — MC. We see that 4 X is a left Kan extension

Co —X M

A
-
L Pid
-
-

-

e
There is a diagonal functor
M 25 MC
C +— constant functor at X.
This admits adjoints
colim 4 A - lim.
Proposition 5.1. The adjunction
colim : (Me) =M A
proj
is Quillen.
We denote hocolim := Lcolim. There is a map hocolim(—) — colim(—), and
hocolim(F') ~ colim(QF).

Here QF denotes a cofibrant replacement in (M®) . For a general €, QF is very difficult to determine.

proj
Consider € = a + b — ¢, and let X € M®. Then 41X is equal to

X(b) —— X(b) I X(c)

|

X(a) I X (b)
Cofibrant objects in M® are of the form
X —Z
Y

with X cofibrant. Here cofibrant replacement is easy. We start with ¥’ é X % Z, and we replace X with
X = X to get

X —Y

|

Z
If we cofibrantly replace X7 , and similarly for Y, we get

X —17Z
l
Y

The maps we used to fibrantly replace induces a fiberwise weak equivalence between this diagram and the
one we started out with.



In (Top)Quillen, We can take hocolim(* < X — *). We cofibrantly replace X if necessary, and replace
X — * by X — CX, which is a cofibration. In this case we see that

hocolim (% < X — %) ~ colim(CX + X — CX) = XX.

More generally, hocolim (Y L x4y ) is the double mapping cylinder M(f, g).
THEOREM 5.2. If M is a left proper model category then
hocolim(Y + X — Z) Z colim(Y + X — Z).

PROOF. In the easy case, X is cofibrant, so we can factor the map to Z to get

R

The entire rectangle is a pushout, so Z — P is a cofibration, and the right square is a pushout by the pasting
law, so H — P is a weak equivalence. O

Example 5.3. Let @ = + — % — ---. Show that Xy — X; — --- is cofibrant in M if and only if X, is
cofibrant and X; — X1 is a cofibration for each i.

There is a third model structure on M® called the Reedy model structure (need € to be a Reedy cat).
In this case, hocolimaep (X, ) =2 ‘QReedyX.’, for X a simplicial object in M.
Bar construction: Let M a model cat, € a small cat, F': C°P — M, and G : € — M. Then we define

B, (F,C,G) := U ceF(co) X Glep) &= ey, Fco) X Gley) &= -
Example 5.4. If FF =« = G, then
Bo(*,C, %) 22 Ng(CP).
Piece de résistance:
THEOREM 5.5. (Bousfield-Kan) If F': € — M is a functor, then
hocolime (F) ~ |Bo(x,C, F)]| .
6. Combinatorial model categories

Show how model categories are enriched in spaces up to homotopy types and have cellular approximations
Definition 6.1. A model category is combinatorial if it is presentableﬂ and cofibrantly generated.

To motivate presentability, let X be a set. Then X is determined by its elements, meaning that

Homget (%, X) = X.

Then we can present X as X = Uzex {*}.

Definition 6.2. A colimit is filtered if the diagram is filtered, meaning it is nonempty and every subdiagram
has a cocone.

THEOREM 6.3. (Exercise) In Set, filtered colimits commute with finite limits. That is, if F': I x J — Set
with I finite and J filtered, then

colim (li}n FI) = li}n (colim ; Fy)
is an isomorphism.
Proposition 6.4. A set X is finite if and only if
Homget (X, —) : Set — Set
preserves filtered colimits.
"By this we mean “locally presentable.”
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PRrROOF. For the backwards direction, let 7 = {X;} be the collection of finite subsets of X. Then
X = colim; X;. In particular, we have that
colimy Hom(X, X;) & Hom(X, X)
(X 15 X)) = idy?

For the forwards direction, Homget (*, —) = idge; SO it preserves colimits. Since X is finite, we have that
X ={z1,...,2,}, hence

Hom(X, —) = Hom(U; {z;}, —) = limHom ({z;},—).
Then we use finite limits commuting with filtered colimits. O

Definition 6.5. An object X € € is compact if Home (X, —) : € — Set preserves filtered colimits.
Hence if F': I — C, with I filtered, then a map X — colim;F factors through an F'(7).

Examples 6.6. Compact objects:

Set, compact = finite set

Vectp, compact = finite dimensional

Modpg, compact = finitely presented

Grp, compact = finitely presented

Top, compact = finite sets with discrete topology

Ch, compact = perfect chain complexes (bounded, levelwise finitely generated and projective)
sSet, compact = finite simplicial sets (X, finite for each n, and there exists an m so that all
non-degenerate simplices have dimension < m).

A topological space is (topologically) compact if and only if X € O(X) is (categorically) compact.
Lemma 6.7. Finite colimits of compact objects are compact.

Definition 6.8. A category C is presentable if

(1) € is cocomplete
(2) There exists a set S of compact objects in € such that every object in € is a filtered colimit of
objects in S.

We also say the “ind-completion” of S is €, denoted Ind(S) = C.
THEOREM 6.9. C is presentable if and only if there is an adjunction of the form
Fun(K°P,Set) = C,
where K is some small category, and the right adjoint is fully faithful and preserves filtered colimits.
We might take K for example to to be isomorphism classes of compact objects in C, then we have
C — Fun(K°P, Set)

X (K"p — Cop M Set) .

THEOREM 6.10. Suppose € and D presentable. Then L : € — D preserves colimits if and only if L is a
left adjoint.
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GENERATED

Definition 6.11. Let I be a set of maps in a cocomplete category, fix A to be an ordinal, and let X : A — €
a functor, and suppose that X («a) — X (« + 1) fits into

Ay — X(a)
| |

B, — X(a+1),

where A, — B, is in I. Then we say that X (0) — colim)X is a relative I-cell complex. We say an object
Y € Cis an I-cell complex if ) — Y is a relative I-cell complex.

IfI= {S" — D"*l}n>07 then we are recovering the idea of CW complexes in spaces.
We denote by Cell;(€) the class of relative I-cell complexes.

Exercise 6.12. We have that Cell;(C) is the smallest class in € closed under composition, pushouts, and
filtered colimits.

THEOREM 6.13. (Small object argument) Let € be cocomplete, let I a set of maps in €, and suppose
that for all A — B in I, we have that A is compact with respect to the full subcategory of of I-cells in C.
Then there exists a functorial factorization of maps in C:

x — 1 .y

N4

with v € Cell;(€) and § € RLP(I).

PROOF IDEA. Start with X(0) = X, and take a map X(0) — Y. Suppose X () = colimy<pX () is
constructed with X (8) — Y. Look at the sefff

A—— X(B)

S = gl Sl/

B ——

8Note this set is nonempty because we can take g to be id : X(8) — X(8).
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Denote by g5 the map A — B appearing in s € S. Then we build
HSESAS E— X(ﬁ)

HsgSJ/ - J{ECell;((‘?)

HsesBs —— X(B+1)
By UP of the pushout, there is an induced map X (8 + 1) — Y. Then we claim that
X(0) = colimpgX (8) =: C
is in Cell;(@). The only thing left to show is that C — Y is in RLP(I). Take
A —— C = colimg X ()

| |

B——Y.
Since A is compact with respect to I-cells, the map A — C factors through some X (). Since B — Y factors
through X (8 + 1), we see that it lifts to B — C. O
Definition 6.14. A model category M is cofibrantly generated if there exist sets of maps I, J in M so that
o Cof = retracts of I-cell complexes, denoted C&I@)H
e Cof = Cell;(C)
and “I and J permit the small object argument.”
Example 6.15. For Topqijen, We can take
I={S" = D"}
J={D" = D" x[0,1]}.
Example 6.16. For sSetk.,, we can take
I={0A" - A"}
J={A - A"},
Example 6.17. For (ChR)proj7
I={s"— D"}
J={0— D"}.
Example 6.18. The Strgm model structure is not cofibrantly generated in the definition above.

THEOREM 6.19. (Kan — Right transfer) Let M be a cofibrantly generated model category and C is any
category where there is an adjunction
F:M=C:G.
Then C has a model structure where W and Fib are created by G. The model structure is cofibrantly
generated by F(I) and F(J) if:
(1) F(I) and F(J) permit the small object argument
(2) G (Cellg(y)) are weak equivalences in M.

For combinatorial model categories, we get an inductive argument for building cofibrant replacements.

[Rezk-Schwede-Shipley] Combinatorial model categories are always simplicially enriched.

[Dugger| Any combinatorial model category M is Quillen equivalent to a localization of a projective Kan
one:

L;Fun(K°P, sSet) = M.

9The hat = means “retracts of -”
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7. Multiplicative structures on homotopy theories

The goal is to give a monoidal structure on the homotopy category Ho(M) of a model category M, then
we can consider rings and modules up to homotopy.
Definition 7.1. We say a symmetric monoidal category (C, ®,1) is presentably symmetric monoidal if:

e the category C is presentable;
e the bifunctor — ® —: € x € — @ preserves colimits in each variable.

One consequence of being a presentably symmetric monoidal, is that the induced functor X ® —: € — C
has a right adjoint, often denoted [X, —]: € — C, i.e. the monoidal structure is closed.
Definition 7.2. We say a category M is a (symmetric) monoidal model category if we have the following.
(1) The category M is endowed with a model structure.
(2) It is presentably symmetric monoidal (M, ®,I). |E|
(3) It respects the pushout-product axiom, which says that the bifunctor — ®@ —: M x M — M is a
Quillen bifunctor, i.e. given cofibrations f: X — Y and f': X’ — Y’ in M, the induced dashed
map fOf’ on the pushout in M

XoXx 99 y oy

f®idl ) l

YeX — P

is a cofibration in M. Moreover, fC1f’ is a trivial cofibration as soon as f or f’ is.
(4) The monoidal unit I is coﬁbrantﬂ

Examples 7.3. (sSetkan, X, *), ((Chg)proj, ®r, R) and (sModg, ®g, R) are symmetric monoidal model cat-
egories.
Examples 7.4. (Topquijen, X, *) and ((Chg)inj, ®@r, R) are not monoidal model categories.

Exercise 7.5. Check that it is enough to verify the pushout-product axiom on the generating cofibrations
and trivial cofibrations, if M is a cofibrantly generated model category.

Observe that one of the consequence of being a monoidal model category is that, for any cofibrant object
X € M, the induced functor X @ —: M — M is a left Quillen functor (and thus [X, —]: M — M is a right
Quillen functor). Indeed, given a cofibration f’: A — B, denote by f: § < X the cofibration and apply the
pushout product to flf" we obtain the diagram:

oA —302B

|

XA — XQ®A

Since we assume — ® Z to be a left adjoint for any object Z, it preserves initial object, so f®@ A = ) 2 ) ® B.
Thus X ® — preserves cofibrations and trivial cofibrations. Therefore we can left derive the bifunctor given
by the monoidal product, and we denote it

— @ —: Ho(M) x Ho(M) — Ho(M).

L0we may relax this condition and just ask the monoidal category to be closed.
Hywe may relax this condition and just ask that for some (hence any) cofibrant replacement QI — I we get that QI® X —
I® X = X is a weak equivalence for any cofibrant object X.
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One can in fact check that we obtain the following.

THEOREM 7.6 (Hovey). Let (M,®,I) be a (symmetric) monoidal model category. Then the derived
tensor product endows the homotopy category (Ho(M), ®,1) with a (symmetric) closed monoidal structure.
Moreover, the localization functor M — Ho(M) is lax (symmetric) monoidal, and is strong monoidal if we
restrict on cofibrant objects.

Similarly, we can introduce a variation on Quillen functors so that they are compatible with the monoidal
structures.

Definition 7.7. A weak symmetric monoidal Quillen pair is a Quillen adjunction:

L
— 3

(M, ®,1) i (N, AD)

=

between symmetric monoidal model categories, for which L is oplax symmetric monoidal (or equivalently, R
is lax symmetric monoidal) such that:

(1) for all cofibrant objects X and Y in M, the natural oplax map L(X ®Y) — L(X)AL(Y) is a weak

equivalence;

(2) the natural map L(I) — J is a weak equivalence.
These two conditions are immediately verified if L is strong symmetric monoidal rather than just oplax
symmetric monoidal. If the Quillen adjunction is a Quillen equivalence, then we refer to it as a weak
symmetric monoidal Quillen equivalence.

THEOREM 7.8 (Schwede-Shipley). Given a weak symmetric monoidal Quillen pair

—
(M7®7]I) L (N,/\,J) ’
—

we obtain a weak symmetric monoidal adjunction on the homotopy categories:

—_
(HO(M)7 ®]L7 H) 1 (HO(N)7 /\]L> J)
A
It is an equivalence of symmetric monoidal categories if the original adjunction is a weak symmetric monoidal
Quillen equivalence.

Example 7.9. (Schwede-Shipley) Regard the equivalence of categories Ch}%O =~ sModpg as a weak symmetric
monoidal Quillen adjunction:
r
-
(Chz") proj 1 sMod
-
N
where we give the normalization functor a lax symmetric monoidal structure N(4) ® N(B) — N(A ® B)
via the Eilenberg-Zilber map. This map is not an isomorphism, and so the equivalence Chl%0 ~ sModg is
not compatible with the monoidal structures. However, once derived, since the above is a weak symmetric
monoidal Quillen equivalence, we obtain that Ho(ChIZ{O) >~ Ho(sModg) is an equivalence of symmetric

monoidal categories. Indeed, we can show the Eilenberg-Zilber map has a homotopy inverse N(A ® B) —
N(A) ® N(B) given by the Alexander-Whitney map.

Given a monoidal model category M, we can also lift model structures on modules and algebras in M.
For instance, we can use Kan’s right transfer to defined a right-induced model structure on the category
Alg(M) of algebra objects in M using the free-forgetful adjunction:

I
M 1 Alg(w)

e,
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where T'(X) = @X ®n_ For this, not only we need to assume cofibrantly generated, we also require the
n>0
following axiom.

Definition 7.10. We say a combinatorial symmetric monoidal model category M respect the monoid axiom

if we have the following. Given any object X in M, denote by Sy = {X ® A 9l x ® B | f € J} where J
is the set of generating trivial cofibrations. Then any relative Sx-cell complex is a weak equivalence. If all
objects are cofibrant, the axiom is automatically verified.

By Kan’s right transfer, in order to obtain a model structure on Alg(M) we would need to check that
maps in U(Cellp(y)) are weak equivalences in M. Thus we need first to understand transfinite composition
in Alg(M). As T preserves filtered colimits, then U preserves and reflects filtered colimits. So we need to
understand certain pushouts in Alg(M). These will be pushouts along free maps: given f: X — Y in M,
consider the pushout in Alg(M)

T(X) — T(Y)
o]
A— P

We can give a very explicit construction of P: it is the telescope in M

Py=A P P,

that we describe below. Informally, one can think of P as the formal product of elements in A and in Y
subject to the relations between letters induced by f: X — Y and the multiplication in A, while P, only
considers at most n factors from elements in Y. Let us now give a more robust definition.

Let us denote by P({1,...,n}) the poset of power set of the set with n-elements. Define a functor
Wy P({1,...,n}) = M as follows: on objects S C {1,...,n}, let

Wa(S)=ACI0A0C,® - 0C, @A

where

o [X itigs
Y ifie S

The assignment on the maps is induced by the map f: X — Y. The functor W,, defines an n-dimensional
cube diagram in M. For instance, at n = 2, it looks like:

ARXRARXRA — ARXRARY ®A

| l

ARY RARXR®A — ARY RARY ®A

Denote by W, the restriction of the functor W onto the full subcategory of P({1,...,n}) for which we
removed the terminal object. Again, for n = 2, it looks like:

ARXRARXQRA — ARXQRARY ®A

|

ARY R ARX®A
Let @), = colim Wn in M, and define P, inductively (recall Py = A) as the pushout in M:
Qn —— (ARY)®" A
l -
P,y —— P,
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The top horizontal map is induced by the universal property of the colimit and the maps we have removed

from W,, to obtain WN/n The left vertical map @, — P,_1 is defined by repeatedly applying the map X — A

whenever C; = X in Wn(S), ie. i ¢S, and then if A® A appears in the copy, use the multiplication on A.
We are now left to check 3 things:

(1) P is an algebra in M
(2) the induced map A — P is an algebra homomorphism
(3) P is indeed the desired pushout in Alg(M).

For (1): the unit of A induces the unit of P:
H—)A:P0—>P:C01imnzopn

The multiplication on P is defined from maps P, ® P, — P, 4., which can be defined from the pushout
definition of P, by simply concatening all the words together. It its then elementary to show that the
multiplication is indeed associative and unital. This also automatically shows (2). For (3), suppose there
was an algebra B fitting into the diagram in Alg(M):

T(X) —— T(Y)

| |

—— B.
By adjunction, it also defines a diagram in M:

X —Y
I
A —— B.

Define the unique homomorphism P — B of algebras by applying the maps Y — B and A — B whenever
appropriate, this uniquely defines it. We are now ready to show the following.

THEOREM 7.11. (Schwede-Shipley) Suppose M is a combinatorial symmetric monoidal model category
that respects the monoid axiom, where the generating cofibrations and trivial cofibrations are denoted by
(I, J) respectively. Then there exists a right-induced combinatorial model structure on Alg(M), i.e., fibrations
and weak equivalences are created in M via the forgetful functor in the adjunction

PN
ML Alg(N)

N

The generating cofibrations and trivial cofibrations are (T'(I), T(J)).

PROOF. From Kan’s right transfer theorem, we need to check maps in U(CeHT( J)) are weak equivalences.
So suppose in our construction of P above that f: X < Y was a trivial cofibration. We need to show 4 — P
is a weak equivalence. It is enough to show P,_; — P, is a weak equivalence for all n > 1. For this notice
that the map @, — (A®Y)®" ® A is isomorphic to Q,, ® A®"! — YO @ A9"+! using symmetry, where
Q,, is obtained as Q,, but where we deleted all instances of A appearing in the punctured cube Wn Then
using the pushout-product axiom, we can check that the induced map @, — Y ®" is a trivial cofibration.
Thus by the monoid axiom, we get that P,,_; — P, is a weak equivalence. O

Exercise 7.12. Show that if A is cofibrant as an algebra in M, then A is also cofibrant as an underlying
object in M.

A similar result can be deduced for modules, and it is easier as colimits of modules are computed in the
underlying category.
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Exercise 7.13. Suppose M is a combinatorial symmetric monoidal model category that respects the monoid
axiom, where the generating cofibrations and trivial cofibrations are denoted by (I, .J) respectively. Let R be
an algebra in M. Show that the category of right R-modules Mod g (M) is combinotorial model category, with
weak equivalences and fibrations determined in M, and the generating cofibrations and trivial cofibrations
are given by I ® R and J ® R respectively, using the free-forgetful adjunction

RN
M L Modg(M)

N,

Exercise 7.14. Show that if one additionally requires R to be a commutative algebra, then the induced
model structures in Mod (M) in previous exercise is in fact a symmetric monoidal model structure that also
satisfies the monoid axiom, with respect to the relative tensor product over R.

Exercise 7.15. Let f: R — S be a homomorphism of algebras in combinatorial symmetric monoidal model
category M that respects the monoid axiom. Show there is a Quillen adjunction

— _®SN
Modr(M) 1 Modg(M)
~ £ _—

Show it is a Quillen equivalence, if and only if f is a weak equivalence. Show it is (strong) monoidal Quillen
pair if R and S are commutative.

Remark 7.16. The case for commutative algebra is more subtle. It is sometimes possible to lift the model
structure as in the non-commutative case, but further restrictions on M is required. Notably, one can see
that it is impossible to give a model structure right-induced on chains:

SN

(Chr)proj L CAlg(Chg)

N,

whenever char(R) # 0. Indeed, suppose char(R) = p, and A — B is a homomorphism of commutative
algebra, that is a fibration in Chg. Suppose x € H,(B), for n even. Then 2P is in the image of H,(A) —
H,.(B). There exists y € A that is mapped to z but dy? = py?~! = 0 by Leibniz rule. Therefore it is
impossible to factor a homomorphism of commutative algebra by a weak equivalence followed by a fibration.
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8. Application: homotopy coherent multiplication on spaces

Last time: We had M a model category, and ® a monoidal structure. We used this to give a monoidal
structure on Ho(M), given by ®%, the left derived tensor product. We used this to give a homotopy theory
on Alg(M), and Mod (M), etc.

Q: What are algebras in the homotopy category of a model structure M? An example of interest is
M = Top.

What are commutative algebras in Top?

THEOREM 8.1. (Moore) If X € CAlg(Top), then there is a weak equivalence
[[Em(Xx),i) - X.
i=1

PrOOF. Let G,, = m,(X). Then we take

0— F —Z[G,] = G, —0.

Then we get that H,(V gec, S™) = @gegnﬁn(sn) = Z|G,]. Using the Hurewicz theorem, there is an
isomorphism

T (VS™) 5 H,(VS™),
so we can pick f; € m,(S™) for each e; in a basis of F. This gives us a pushout

\/jeJSn S \/gGGnSn

|

x —— M(Gp,n)

This gives a map V,,>1 M (G, n) — X. By universal property, we get an algebra homomorphism-{*
SP(Vy>1 M(Gpyn)) — X

The Dold-Thom theorem states that m,SP(Y) = H,(Y), given some connectedness hypothesis (path-
connected?). We get that

SP(Vys1 M(Gy,m)) HSP (Gnyn)) = [[ K(Gn.n).
0

Definition 8.2. We say that X € Alg(Ho(Top)) if and only if X is a CW complex, with multiplication and
unit

XxX—=X
* — X

which are associative and unital up to homotopy.

These are also called H-spaces. The most prototypical example is a loop space.

12Here SP(—) denotes the infinite symmetric product, i.e. the free commutative algebra in Top.
13The infinite symmetric product is left adjoint to the forgetful functor, i.e. SP : Top = CAlg(Top) : U.
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Example 8.3. If X is a based space, we can build 2X as the homotopy pullback of the two maps from a
point. Concatenation gives a map QX x QX — QX.

Example 8.4. Eilenberg-MacLane spaces K(G,n) are uniquely determined up to homotopy. We have that
7k (QK (G, n)) 2 711 (K(G,n))

therefore QK (G,n) = K(G,n —1).

Q: Given X an H-space, such that moX is a group, is X a loop space?

A: No, there are many grouplike H-spaces that are not equivalent to QX . For example S7 C O the unit
octonians.

Loop spaces have an extra condition. Given w,x,y,z € QX there is an association (zy)z ~ z(yz).
There is a pentagon witnessing the different ways to associate four elements.

We can keep going with 5 loops, 6 loops... and we get the Stasheff associahedra K (n), which tell us how
to concatenate n loops. These give maps

K(n) x (QX)" — QX,
witnessing the higher associativities of concatenation. We call this an A.-algebra structure.

THEOREM 8.5. (Stasheff) Given X connected, we have that X ~ QY for some Y if and only if X is an
Ao-algebra in spaces that is grouplike.

Rigidification: We have that Ho(Alg(sSet, x)) ~ Alg,_ (Ho(Top)).
Let € = (C,®,I,[—,—]) be a closed monoidal category.

Definition 8.6. An operad in € is a collection of objects {O(j)},5, in € such that
(1) there is a right action of X; on O(j)

(2) 0(0) =
(3) I —-0(1 )existsin@
(4) composition
O(k) ® O(j1) ® - ® O(jr) = O(j1 + ... + jjx)
for all £ > 0 and ji,...,jx > 0 such that they are equivariant, unital, and associative.

We think about O(j) as an abstract way to compose j-ary operations.
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Example 8.7. We let Assoc be the operad defined by
Assoc(j) = H I

o€y,
We can define Comm(j) = I.
Example 8.8. If X € C, the endomorphism operad is given by
Endx(j) = [X®7, X].
Definition 8.9. A morphism of operads O — 0’ is a sequence of maps v, : O(j) — O’(j) for g > 0 that are
equivariant, associative, and unital.

Definition 8.10. Given O an operad in €, an Q-algebra (X, 6) in € is X € € together with a morphism of
operads 6 : O — Endyx, sending O(j) — Endx (j). By adjointness, we think about this as O(j) ® X®/ — X
which are associative and unital.

This gives us a category of O-algebras, denoted Algq(C).
Example 8.11. We have that
Algssoc(€) = Alg(C)
Algeomm (€) =2 CAlg(0).
We have that M is a monoidal model category if O is nice enough, i.e. we get an adjunction
M= Algy (M).

Definition 8.12. A monad in € is an algebra in (Fun(C, €),0,ide). That is, M € Alg(Fun(C, ©)) if we have
M : € — C together with y: M o M = M, and 7 :ide = € that are associative and unital.

Example 8.13. Every adjunction L : € &= D : R defines a monad RL.

Definition 8.14. An algebra (X, 0) over a monad (M, u,n) in Cis X € € together with maps 6 : M(X) — X
such that they are associative and unital, meaning that the diagrams commute:

X " M(X) M(M(X)) 25 M(X)
\ 0 M(O)J{ Je
X M(X) —— X.

0

Definition 8.15. If M is a monad, a morphism of M-algebras (X,0) — (X',6) isamap f: X — X' in C
so that the diagram commutes

Mx —% 5 x

wl

MX' — X'
Example 8.16. Consider R a commutative ring, and the adjunction
— Q®z R:Ab 2 Modg : U.
This forms a monad M := — ®z R: Ab — Ab. Then Alg,,(Ab) is equivalent to Modpg.

This is not always true! When this happens we say the adjunction is monadic.
Given a monadic adjunction
€ =D = Alggp.(€),
we get a ton of things for free:

e R will preserve colimits if RL does
e get things like free monadic resolutions, bar constructions, etc.
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[Some of these notes were typed from grad school, a bit outdated]
Given an operad O in a nice enough monoidal category €, we obtain a monadic adjunction:
¢ (€)

L " Algy

The left adjoint provides the free O-algebra functor, which is given on an object X € C by the coequalizer
in C:

H 0(j) ® X& —= H 0(J) @113, X®

j=0 7>0

First map is induced supposing we have a canonical map I — X in €, and the other map is induced by
composition v on O(j) with j — 1-copies of O(1) and 1-copy of O(0) and thus lands to O(j — 1). [Make this
more precise]

This adjunction gives defines a monad @: € — €. And this is always monadic (exercise). So O-algebras
in € are equivalent to @-algebra in C.

We define now an operad on the symmetric monoidal category (Top, X, ), where by spaces we mean
topological weak Hausdorff k-spaces.

Definition 8.17. Let J™ be the interior of the n-dimensional unit cube [0, 1]™. A little n-cube is a rectilinear
map c: J" — J". Algebraically, this means the map is of the form :

(tl, . ,tn) — (a1 + (b1 — al)tl, ce,Qn (bn — a,,,,,)tn),

with (a1,...,ay),(b1,...,b,) € [0,1]™ such that 0 < a; < b; <1, for all 1 < i < n. The image of ¢ defines
a n-dimensional cube in [0, 1]" with a non-empty interior and faces parallel to the faces of the ambient unit
cube.

Definition 8.18. The little n-cube operad C,, is defined as follows :

On(7) = {(Clv s 7cj)

J
¢; are little n-cubes with disjoint interior} C Map <H J", J") .

i=1
The identity is defined by the element id;» € C,(1). The symmetric group X; acts (freely) by permutation
on the indices of the tuple (ci,...,¢;). If we write ¢ = (c1,...,¢;), we define the composition operation v as
follows :
v Cn(k) X On(jl) X X Cn(jk’) — On(.jl + - +]k)
(cdys--ydy) > coldy+-+dp).
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Notice that there are natural inclusions:

Cnlj) ———— Canr(4)

cC— (Clxid]7...,Cj><idJ)7

allowing to define Co(j) = colim,,C,,(j) for each 7 > 0. The composition v extends naturally so that Cw is
an operad.

We can reinterpret the spaces C,,(j) in terms of configuration space. Let M be a n-manifold, the j-th
configuration space of M is :

F(M;j) ={(z1,...,2;) € M |z, #ayifr #£ s} C M*.

It is a nj-manifold with X, free-action on coordinates. For 1 < n < oo, the spaces C,(j) are ¥ -equivariantly
homotopic to F(R";j) via the map :

Cud) — F(J"))
(017-~'7Cj) — (Cl(p)a"'acj(p))a

where p = (%, ceey %) in J™. This makes C; an A-operad, Co a E-operad, C), a locally (n — 2)-connected
Y.-free operad.

Proposition 8.19. Given a pointed space X, its n-th iterated loop space Q2" X has a natural C,,-algebra
structure.

PrOOF. Regard Q"X as the space Map ((%, x), (X, *)) Define the action :

0: Cn(j) x ("X) — Q" X,
as follows: given (c1,...,¢;) in Cp(j) and (y1,...,y;) in (Q"X)? define 0(c, y) as:
[0, 1]"

X
a[0, 1]
1 . .
yroc, t(t), ifteim(e,)
L= {*, if t ¢ im(c,) forany 1 <r <j
One can check that all the desired diagrams commute. ([

Recall that given a pointed space X, the associated monad of C), is defined as:

Cu(X) = | [T Cnl) x5, X7 /N.

Jj=0

The above result implies that Q"X is also a Cy-algebra, hence there is a map C,,(Q2"X) — Q" X, for any
pointed space X. There is a natural map :

ap  Cp(X) — Q'YX
defined as follows. The identity map on X" X has an adjoint X — Q""" X. Applying the functor C,, we get
the left map in the composite :

C(X) — Co(Q"E"X) — Q'S X,

and the right map is defined by the C),-algebra structure on "% X. The above composite defines the map
a,. It is a morphism of monads, where the monad structure on the functor Q"™ : Top, — Top, is defined
for any pointed space Y :

QUEmQIE"Y — QEY,
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by a map X"Q"X"Y — X"Y which is the adjoint of the identity map Q"X"Y — Q"X"Y. More concretly,
the map a, : Cp,(X) — Q*"E"X can be regarded as follows :

Co(X) — Q'"S"X = Map ((8[([)(; q]n %), ("X, *))

N 0 ¢

A0
((Cla"'acj)a(xla"'vg:j)) — n NN te 3[([)6,11]]” :S”:E"{*,xl}ﬂftElm(cl) an
*, if t ¢ im(¢;) forany 1 <i<j

THEOREM 8.20 (Approximation). For any based space X, there is a natural map of C,,-algebras :
ap : Cp(X) = Q"X X,
for 1 <n < oo, and «,, is a weak homotopy equivalence if X is connected.

PRrROOF. We construct the following commutative diagram :

Cn(X) X, — 2 1 (EX)

! ! |

Q'YX —— pQriynx 2, Qrolynx,

where p is the usual path fibration to a space with fiber its loop space. The space )?n is constructed such
that it is contractible and p,, is a quasifibration if X is connected. O

THEOREM 8.21 (Recognition). If X is a connected grouplike C),-algebra, there exists a based space Y
and a weak equivalence of C),-algebras between QY and X.

In order to construct this delooping of X, we use the two-sided bar construction in Top,.. Given a monad
(M, p,n) in € and a category C, a M-functor in € is a functor F : € — C with a natural transformation
A: FM = F such that the following diagram commutes :

FM(M(x))) 2 par(x), Fx) 2 po(x))
)\JM(X)J/ J{)\x \ J{)\X
FM(X) —2X 5 F(X), F(X).

For instance, (M, p) is itself a M-functor in €.
Definition 8.22. Given a monad (M, u,n) in &, a M-functor (F, ) in €, and a M-algebra (X,¢) in &,
define the two-sided bar construction of (F,M,X) by :
The object is simplicial in C :
@

F(X) == FM(X)) = FIMM(X))) = FIM(M(M(X))))
where the blue arrows are induced by £ : M(X) — X, the red arrows by A : F(M(X)) — F(X), the green
arrows by pu : M(M(X)) — M(X), and the black arrows by n : X — M(X). We denote its geometric
realization by B(F, M, X) =| B.(F, M, X) |.

ProoOF. The operad C,, is replaced by a "nicer” equivalent operad D so that B,(F, D, X) is a strictly
proper simplicial space. We construct a zig-zag of maps :

X «— B(D,D,X) — B(Q"S",D,X) — QB(X", D, X).

The map B(D,D,X) — X is induced by D(X) — X as X is a D-algebra and B(D, D, X) should be
regarded as the usual simplicial resolution of X. The map B(D,D,X) — B(Q"X", D, X) is induced by
ap D — Q"Y" (and should now be regarded as a morphism of D-functors). It is a weak equivalence when
X is connected (not obvious on the simplicial resolution). The last map B(Q"¥", D, X) — Q"B(X", D, X)
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should be regarded as the non-trivial weak equivalence | QX, |— Q| X, |, true only when X is connected.
Thus let Y be B(X", D, X). O
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CHAPTER 3

Higher categories

1. Foundations

Definition 1.1. A simplicial set € is an co-category (or quasi-category) if it has inner horn filling — for all
0 < k < n, we have

AR —— ¢

We shall see that oo-categories are fibrant objects in sSet with the Joyal model structure.

Example 1.2.

(1) If € is a Kan complex, then it is an oco-category
(2) If Cis a category, then NC is an co-category.

Definition 1.3. Given an oco-category C, the objects of C are the VerticesE] the morphisms are 1-simplices.
We have source and target maps d',d° : C; — GOEI We define the set of morphisms from X to Y as the
pullback

home(X,Y) ——— €

| e

Gy W eo ><(?0.

We have that home(X,Y) is the set of vertices of a simplicial set Home(X,Y"), which forms a Kan
complex that we define later.

Definition 1.4. Given X € € we define idy € €; by s°(X).
How do we compose? Composition won’t be unique, but it will be unique up to homotopy.

1X € € means X € €
2We write f: X — Y in € to mean f € €1 with s(f) = X and t(f) =Y.
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Given f: X =Y and g : Y — Z in €, this determines a map of simplicial sets A? — €. By inner horn
lifting, we have

A —— €
|~
A2

We refer to the filling as a composition:

R

X—>Z

Exercise 1.5. Given an oo-category €, how can we define C°?? Would want that N(C°P) = (NG)OPH

Detour: Let A € Cat, and let C be a cocomplete category. Recall that Fun(A°P, Set) is the free
cocompletion. Given a functor A — C, by universal property there is a map

A—2 e

Fun(A°P, Set)
This gives us an adjunction
| — [q : Fun(A°P,Set) = € : Singg(—).
Here Sing,(—) = Home(Q(—), X).

Example 1.6. If C = Top, then we can take Ay, : A — Top, sending [n] to A%

Top- 1N this case, we recover
the usual | — | and Sing(—) adjunction.

Example 1.7. If € = Cat, there is a functor A — Cat sending [n] to the associated poset category. We get
an associated adjunction:

T :8Set = Cat : N,
since N = Homcgs([—], ©).
Exercise 1.8. Describe 7 : sSet — Cat explicitly.

We call 7 the fundamental category functor, essentially it will produce the homotopy category of an
oo-category.

Definition 1.9. Given an oco-category C, two morphisms f: X — Y and g : Y — Z are homotopic, written
f ~ g, if there exists a 2-simplex o : A2 — € with boundary (g, f,idx):

N

X—>Y

Example 1.10. If C is an ordinary category, then in NC, we have that f ~ ¢ if and only if f = g.

Proposition 1.11. Given € an oco-category, and X,Y € €, the homotopy relation provides an equivalence
relation on home(X,Y).

Definition 1.12. We denote by [f] the homotopy class of f.

3Every Kan complex has that C°P = C.
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SKETCH. We first need to show reflexivity, so we want to find a 2-cell witnessing

/N

X—>Y

We check that this is sg(f), where f € €y, and sg : €1 — Ca.
For symmetry, suppose we have f ~ g. We want to show g ~ f. We can fill a A3 witnessing this.
Transitivity is left as an exercise. O

Definition 1.13. Given € an oo-category, define the 1-category Ho(C) to be the homotopy category, given
by

ObHo(C) = Cy
Homp(e)(X,Y) = home(X,Y)/ ~.
In order to show this, we need to argue that composition is well-defined up to homotopy.

Suppose we have two compositions

N N

X—>Z X—>Z

We want to argue that hy; ~ hs. This can be done by filling the horn of a 3-simplex.
Proposition 1.14. When we restrict the adjunction 7 4 N to co-categories, we get an adjunction
Ho(—) : Caty = Cat : N.
The way to compose arrows is contractible.

Definition 1.15. The internal hom of simplicial set is given as follows. Given X and Y simplicial sets, we
define Hom,(X,Y) as:
Hom,(X,Y) = Homgget (A® X X, Y).

THEOREM 1.16. The inclusion A? < A? induces a map
Hom, (A?, €) — Hom, (A3, C)
which is a trivial Kan fibration if and onlly if C is an co-category.
PrROOF. Here is the main idea. We need to show there is a lifting:
OA™ —— Hom, (A2, C)
[ 2]
A" ; Hom, (A%, C).

By adjunction, this is equivalent to have a lifting:

(A" x A} ] (0a"x A% — €

DA™ X A2 e
J{ 73
A" x A?
This will follow from seeing that C is a fibrant object in model structure on sSet, and the left vertical map
is a trivial cofibration, because it is generated by inner anodyne A} <— A" cofibrations. O

Definition 1.17. An inner fibration in simplicial sets is a map which has the right lifting property with
respect to the inclusions A} — A™.
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As a consequence, we can take a pullback diagram:
P —— Hom,(A2,@)
[
A® —— Hom, (A%, 0C).
Then the pullback P — A® should be a trivial fibration, meaning that P is a contractible Kan complex.

Definition 1.18. Given € an oo-category and X,Y € C, recall that a map f : X — Y corresponds to
Al — @ whose faces are X and Y. An n-morphism from X to Y is simply a map A" — @ such that
Af0m=1} = ¥ and AlM =Y.

For n > 2, all n-morphisms are invertible in some sense.

Definition 1.19. Two objects X and Y in C are equivalent, written X ~ Y| if there exists a 1-morphism
f:X — Y in € such that [f] in Ho(C) is an isomorphism.

Definition 1.20. An co-groupoid is an oo-category for which Ho(C) is a groupoid, meaning all the 1-
morphisms are equivalences.

THEOREM 1.21. (Homotopy hypothesis) We get that € is an oo-groupoid if and only if € is a Kan
complex.

Example 1.22. How to define the opposite C°P of an oco-category? This is a good exercise to try on your
own first. Here is the solution. We can view A as a subcategory of finite linear ordered sets Lin with
non-decreasing functions. This has an involution Lin — Lin which sends a poset (I, <) to (I, <°P) where
1 <°P j whenever j < i. This defines a similar functor op: A — A which is identity on object, and sends a
map «: [m] — [n] to op(a): [m] — [n] defined as i — n — a(m — 7). Therefore, given a simplicial set X,,
we can define XJ¥ by precomposing by the previous functor. Essentially, d;” = d,,_; and s;” = s,,_;. Doing
this for an oco-category shows we switch source and target.

Proposition 1.23. If C is an co-category, then C°P is also an oo-category.

PRrROOF. Notice we have an isomorphism of simplicial sets (A™)°P = A™ and that sends (A)°P to
AL O

n—u

2. Equivalence of co-categories

What is the correct notion of an equivalence of co-categories? Let us first see how the notion of opposite
is compatible with ordinary sense.

~

Proposition 2.1. Given € an ordinary category, then we obtain an isomorphism of simplicial sets N (C)°P =
N(C°P)
PrROOF. The string
X x, B 5x,
is sent to

£y faia

Xn—>Xn,1 —)—)XO O

Just as groupoids are equivalent to their opposite categories, the same should be true for co-groupoids.
This is first observed by the following result.

Proposition 2.2. Given X a topological space, then Sing(X) 2 Sing(X)°P as simplicial sets.

PROOF. A n-simplex |A"| — X is send to |A"| = |A"| — X where the homeomorphism is defined via
(to,tl,...,tn)O—)(tn,tn_l,...,to). ([l
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Therefore, given X a Kan complex, we obtain:
X +=— Sing(|X|) —— Sing(]X])°P —=— X°P,

Of course, isomorphism of simplicial sets is too strong of a notion for an equivalence of co-categories.
At most, we would want the notion to not be stronger on spaces: two Kan complexes that are equivalent as
homotopy-types should also be equivalent as oo-categories.

Let us get inspired by ordinary categories. Two ordinary categories € and D are equivalent if a functor
F: € — D induces an isomorphism of sets Home(X,Y) = Homqo (F(X), F(Y)) and D = F(C) for all D € D
for some C' € C. An easier way to generalize, is to have another functor G: D — € such that F o G and
G o F are equivalent in the functor categories to the identity functors. Let us also record the following.

Example 2.3. There is a canonical model structure on Cat where weak equivalences are given by equiva-
lences of categories, cofibrations are functors that are injective on objects, fibrations are isofibrations. An

isofibration is a functor p: € — D such that for all C € €, for all isomorphism g: D 5 D' in D where
p(C) = D, there exists f: C' — C’ such that p(f) = g.

Definition 2.4. A functor of co-categories € — D is a morphism of simplicial sets (i.e. a natural transfor-
mation).

This definition provides all the expectations of what a functor should do: preserve the choice of compo-
sitions, preserve equivalences, preserve identities, send n-morphisms to n-morphisms (exercise). Although
evident from the definition, it is crucial to keep in mind that it is not enough to define a functor by simply
assigning objects and 1-morphisms, we must also define on all higher morphisms.

Example 2.5. An ordinary functor € — D defines a functor N(C) — N(D) of co-categories.

Example 2.6. Given an oo-category € and an ordinary category D, then the data of a functor € — N(D)
is equivalent to a functor Ho(C) — D.

Example 2.7. Given an equivalence f ~ g in €, we obtain F(f) ~ F(g) for any functor F: € — D, and
thus we obtain an ordinary functor F': Ho(€) — Ho(D).

Example 2.8. Given € an oo-category, and X a topological space, a functor € — Sing(X) is equivalent to
a continuous map |G| — X.

Definition 2.9. A diagram in an oco-category is a morphism of simplicial sets K, — ©€, where K, is any
simplicial set.

Example 2.10. A diagram A! x A! — € makes sense of a commutative diagram:
[ ] [ ]
[ ] [ ]

As hint of what the oo-category of functors of co-categories, we have the following.

|Al

Example 2.11. We have an isomorphism of simplicial sets:
N(Fun(C, D)) = Hom,e(N(C), N(D)).
THEOREM 2.12. Given K a simplicial set, € an oco-category, then Hom, (K, ) is an co-category.

PRrROOF. Notice that Hom, (K, —) preserves trivial Kan fibrations (because sSet with Kan model structure
is a monoidal model category). Therefore, as € is an oco-category, by Theorem we obtain:

Hom, (K, Hom,(A?, €)) — Hom, (K, Hom, (A%, @))
which by symmetry, is equivalent to trivial Kan fibration:
Hom, (A?, Hom, (K, €)) — Hom, (A, Hom, (K, C))
We conclude by Theorem [L.16| again. |



Definition 2.13. Given an oo-category €, and a simplicial set K, we denote by Fun(K, C) the oo-category
Hom, (K, ©).

Definition 2.14. A natural transformation between functors € — D is a morphism in Fun(C, D), ie. a
map of simplicial sets A x € — D.

Definition 2.15. Given € an oco-category, define €= to be the maximal co-groupoid of €: the subsimplicial
set for which n-simplices carry edges to equivalences in C.

~

Example 2.16. For C an ordinary category, we have an isomorphism of simplcial sets N(€¥) = N(€)=.
Exercise: Show C~ is indeed a Kan complex.

Definition 2.17. The homotopy category of oo-categories hQQCat is the category for which objects are
oo-categories and for which the hom sets are the equivalence classes of functors:

Hompgcat (€, D) = mo(Fun(C, D)~).

We obtain an adjunction:

hTop , L " hQCat.
(=)=

Definition 2.18. A functor F': € — D is an equivalence of co-categories if it is an isomorphism in hQCat.

Example 2.19. Let € and D be ordinary categories. A functor € — D is an equivalence of categories if
and only if N(€) — N(D) is an equivalence of co-categories.

Example 2.20. Given X and Y are Kan complexes, then X — Y is a simplicial homotopy equivalence if
and only if it is an equivalence of oco-categories.

Remark 2.21. Given C and D are co-categories, if € — D is an equivalence of co-categories, then it is a
simplicial homotopy equivalence. However, the converse is not true.

Example 2.22. If € — D is an equivalence of oo-categories, where D is actually a Kan complex, then € is
also a Kan complex.

Definition 2.23. The Joyal model structure on sSet can be defined as follows. The fibrant objects are co-
categories, the weak equivalences on fibrant objects are precisely the equivalence of co-categories, cofibrations
are monomorphisms, fibrations are isofibrations (inner fibrations with identical property than ordinary case).
We obtain a Quillen adjunction between the two model structures:

sSetjoyal , L ' sSetwan-
Last time: Recall that a 1-morphism in Fun(C, D)H is precisely a natural transformation n : F' — G,

where F,G : € — D. In other words, it is n: Al x @ — D.
We have hQCat = Ho(Cat, ), where objects are infinity categories, and the morphisms are

Homypqcat(C, D) = mo (Fun(€, D)~).

That is, it is the set of equivalence classes of functors € — D.
If € is an oo-category, and X,Y € €, we defined Home(X,Y ), to be the simplicial set given by the
pullback

Home(X,Y)y ——— Fun(Al, C)
|7 l
A —— Fun({0}, C)e x Fun({1},€).
Proposition 2.24. We have that Home(X,Y') € Kan.

4The simplicial set Fun(A® x C,D)
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SKETCH. This follows from a more general fact that for A — B a subsimplicial set with Ay = By, and
€ an oo-category, then P is always a Kan complex

P —— Fun(B,C)
[
A° — Fun(A4, @).
Need to show that every u in Fun(B, @), in the pullback is a weak equivalence. We have an evaluation

map for every b € By = Ao, given by ev, : Fun(B,€) — Fun({b}, C), mapping u to uys). We claim that
ugp) = idf(p), since the diagram commutes

Fun(B, €) Fun({b}, €)

\/

Fun(4,C)

O

Example 2.25. Given f ~ g in an co-category €, they must belong in same path component of Home (X, Y),
and so Homp ey (X,Y) = mo(Home (X, Y)).
THEOREM 2.26. A functor F': € — D is an equivalence of co-categories if and only if we have both:

e weak homotopy equivalence Home(X,Y) = Homqp (F(X), F(Y)) for all objects X,Y € C;
e 7y(C=) = mo(D™) is surjective.

3. Adjoint functors

Definition 3.1. Let F': € — D, and G : D — € be functors of co-categories. We say that F' - G if there
exist natural transformations 7 : ide — GF ad € : FG — idp so that:

(1) there exists A2 — Fun(€, D) witnessing

FGF

Fide = ideF.

(2) there exists A2 — Fun(D, €) witnessing

GFG
id

Remark 3.2. We have that 7 : id — GF depends only on [] in Ho(Fun(€, D)). If n is given, then € is
unique up to homotopy.

ideG Gide.

Example 3.3. If € and D are ordinary categories, then we have a 1-categorical adjunction
F:e=2D:G
if and only if we have an oco-categorical adjunction

NF:NC&2 ND: NG.

Example 3.4. If X|Y € Kan, then F': X — Y is an adjoint if and only if F' is a homotopy equivalence of
simplicial sets. The unit and counit become the witnesses of homotopy equivalence.

Remark 3.5. If we have an adjunction F' : € 2 D : G of oo-categories, then F' and G are homotopy
equivalences of simplicial sets. The converse is not true in general.

Exercise 3.6. If F': € — D is an equivalence of co-categories, then it is both a left and right adjoint functor.
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Proposition 3.7. Given F' : € 2 D : G of oco-categories, then
Ho(F) : Ho(C) & Ho(D) : Ho(G)

is an adjunction of 1-categories. That is, if we know F' 4 G in oo-categories, then to check if 5 : ide - GF
is a unit, it is enough to check that Ho(n) is the unit.

However the converse is not true!

Warning: Suppose we take F : A® — X with X € Kan simply connected, and F picks x € Xy. Then
Ho(F) 4 Ho(G) because Ho(X) will be simply connected. But it does not imply that F 4 G unless X is
contractible.

There Homy,(p) (F'C, D) = Homy,e)(C,GD) for any C' € € and D € D.

THEOREM 3.8. Take F' : € — D and G : D — € functors of co-categories. Then F' 4 G with unit n if
and only if the composite

Homuy (FC, D) S5 Home(GFC, GD) s Home (C, GD)
is a weak homotopy equivalence between Kan complexes (aka a homotopy equivalence) for all C, D.

The forward direction is straightforward, but the backwards direction uses (co)cartesian fibration stuff.

4. Limits and colimits

Recall that if € is an ordinary category, then i € C is initial if for all X € C, there is a unique ¢ 4 X,
That is, Home(i, X) = *.

Definition 4.1. In an co-category C, we have that ¢ € C is initial if Home (¢, X) ~ * is contractible for all
X et

Definition 4.2. Let € be an co-category, and K, € sSet. Then for any X € €, denote by X € Fun(K, C)
the constant functor valued at X. The assignment X — X defines a diagonal map

A: C — Fun(K,QC).
This is defined by precomposing with K — A°, and looking at € ~ Fun(A°, €) — Fun(K, €).

Definition 4.3. Let v : K — C be a diagram. We say a natural transformation « : L — u exhibits L € C
as a limit of w if for all X € C, we have that the composite

Home (X, L) 2 Hompyn(x,¢) (X, L) 2% Hompyn(x ) (X, u)
is a (weak) homotopy equivalence of Kan complexes.
Definition 4.4. We say that 8 : u — C exhibits C as a colimit of u if, for all Y € €, the composite
Home(C,Y) 2 Hompyy, () (C, Y) LN Hompyun(x,e)(u, C)
is a (weak) homotopy equivalence.
Note that if a or 3 exist, they are unique up to equivalence.

Example 4.5. If C is an ordinary category, then v : K — NC is equivalent to a map 7(u) : TK — €. We
can check that L € Cis lim(7u) in a 1-categorical sense if and only if L € € is a limit of v in an co-categorical
sense.

Example 4.6. Let f: X — Y in an co-cat €. Then f is an equivalence if and only if f exhibits Y as a
colimit {X} — C, if and only if f exhibits X as a limit {Y} — C.

Example 4.7. Taking the identity diagram () — €, the notion of limit/colimit matches the notion of
terminal/initial object.

Proposition 4.8. A limit L € € is unique up to homotopy. Therefore we usually define it as limg (u).
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Proposition 4.9. We have that € admits all K-indexed limits if and only if
A:C— Fun(K,QC)
is a left adjoint. The right adjoint is given by limg (—).
Equalizers are limits along Al IIga: Al pullbacks are limits along Al x Al —(0,0), etc.

5. Localization

LOCRLIZATION

LOCYTISVLIOW

Definition 5.1. Let C and D be co-categories. Let W be a collection of edges in €, with no further
assumption. Denote by Funy (€, D) the full subcategory of Fun(@, D) spanned by functors F': € — D that
carry edges of W into equivalences in D. Formally, this is the pullback in sSet:

Funy (€, D) —— Fun(C,D)

| |

Fun(W, D=) —— Fun(W, D).

A localization of C with respect to W is an oo-category C[W 1] together with a functor v: € — €[W 1]
satisfying the following universal property. For any oo-category D, the functor v induces an equivalence of
oo-categories:
v*: Fun(C[W 1], D) = Funy (G, D).
The definition can be extended to any simplicial set €, not necessarily an co-category.
The functor hQCat — Set that is defined by:
D+ mo(Funyy (€, D)) = mo(Fun(C[W 1], D)) = Hompgcar(C[W 1], D)

is corepresented by C[IW ~!] and is thus unique up to isomorphism in hQCat, i.e. is unique up to equivalence
of co-categories (if it exists).

THEOREM 5.2. The localization v: C — C[W ~!] always exists.
Before proving this, let us notice the following.

Example 5.3. Let W C A! be the unique non-degenerate 1-simplex. Then A'[W 1] = A% and v: Al — A°
is the localization. Indeed:

D ~ Fun(A°, D) 5 Funy (A, D) = Eq(D)
where Eq(D) are the equivalences in D, defined on object X to idx, is a trivial Kan fibration.

This observation can be extended to following.
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Lemma 5.4. Let Q be a contractible Kan complex. Let e: A! — @ be a monomorphism in sSet. Let
W C A' be the unique non-degenerate 1-simplex. Then there is an equivalence of co-categories:

Fun(Q, D) = Funy (AL, D) = Eq(D).
ProOOF. Exercise. O

PROOF OF THEOREM [5.2] Let F': € — D be in Funy (€, D). For all w € W, this defines F(w): Al —
D=. Factor this morphism in the model category sSetkan:
F(w)

Al D=
Qu

By construction, @, is a contractible Kan complex. We can consider the following pushout in sSet:

]_[N%e

weWw
I~ i

Given any oo-category D fitting into the diagram above, notice G(w) € D= by commutativity. Therefore
the induced map by ~':

Fun(€’, D) — Funy (€, D)

is an equivalence of co-categories. Indeed in the diagram:

Fun(€,D) —— Funy (C,D) —— Fun(C, D)

l I |

I Fun(Qu. D) — [ Ea(®) —— [l,ew Fun(A!, D)
wew wew

the right square is a pullback by definition of Funy (€, D), the outer rectangle is a pullback since Fun(—, D)
sends pushout to pullbacks. Therefore, the left square is a pullback. However, by the lemma, we know the
left bottom map is a trivial Kan fibration, therefore the top left map is a trivial Kan fibration. Thus ~/
defines an equivalence of co-categories as desired. We force now €’ to be an oco-category by performing a
factorization in sSetjoyal on €’ — D with a trivial cofibration and followed by fibration, which thus defines
C[W 1] with same property as C'. O

We can have a better descriptio of €[IW~!] when we have more assumption on W.

Definition 5.5. Let C be an co-category and W a collection of edges in €. We say Z € C is W-local if for
all w: X =Y in W, we have a weak homotopy equivalence:

Home (Y, Z) S Home (X, Z).
We say W is localizing if:
e equivalences in € are in W

o W satisfy 2-out-of-3;
e for all Y € @, there exists w: Y — Z in W such that Z is W-local.

Remark 5.6. If w: X — Y in W, X and Y are W-local, then w must be an equivalence.
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THEOREM 5.7. Suppose C is an oo-category with W is localizing collection of edges, then C[W 1] can
be defined as the full subcategory spanned by the W-local objects and v: € — C[W 1] is a left adjoint:

2
€ L ew

ProoF. This follows by the previous remark and the universal property of C[W ~!]. Give X € €, one
can define informally v(X) by a choice of a map w: X — Y where Y is W-local, and given X — X’ in C,
we can define a map y(X) — y(X’):

X — X

| Jw

Y(X) — y(X).
and using the 2-out-of-3 property it is an equivalence whenever X — X' is in W. O

Definition 5.8. Let M be a model category with W as class of weak equivalences. The Dwyer—-Kan
localization of M with W is the co-category N (M)[W ~1] together with the localization N (M) — N (M)[W ~1].
This is sometimes referred as the underlying oo-category of M.

Remark 5.9. If M admits functorial fibrant and cofibrant replace, then:
NOM)W ™ = N(Mp)[W ] = NMeg) [W = NOOW .

How should one think of N(M)[W~1]? Its objects are the objects in M, but considered up to weak
equivalence, the edges X — Y are elements in Homy(X,Y")/ ~, the composition:

is defined up to weak equivalence. In particular, every morphism can be considered to be a cofibration or
a fibration. The homotopy relation in N(M)[W ~!] is the same as defined in model categories. Notably, we
obtain an equivalence of categories:

Ho(N (M)[W ™) ~ Ho(M).

Example 5.10. The co-category of spaces 8, i.e. the co-category of co-groupoids, is defined as the Dwyer—
Kan localization N (sSet)[Wy,. ], and is denoted 8.

Example 5.11. The (large) co-category of co-categories is defined as the Dwyer—Kan localization N (sSet) [WJ_O;,al]

and is denoted Caty,.

Example 5.12. Let R be a commutative ring. Denote D(R) to the Dwyer—Kan localization of N(Chg) [Wp_rclu]
THEOREM 5.13 (HA 1.3.4.20). If M is a combinatorial model category, then it is Quilllen equivalent to

a simplicial model category M and N(M)[W ~!] is equivalent to the homotopy coherent nerve of M,;.

Remark 5.14. If M is a simplicial model category, we can define M[W 1] as a the hammock localization.

Definition 5.15. An oco-category C is said to be compact if mo(C=) is compact as a set (i.e. small), and
m;(Home(X,Y)) are compact as sets.

Definition 5.16. An object X € C is compact if Home(X, —): € — 8 preserves filtered colimits.
Remark 5.17. An oo-category C is compact if and only if it is compact as an object in Caty.

Definition 5.18. An oo-category C is said to be presentable if it has filtered colimits, and there exists an
essentially small co-category P C € comprised of compact objects which generates € under filtered colimits.

Proposition 5.19. An oco-category C is presentable if and only if € is equivalent to Funy, (PP, 8) for some
small category P and some set of maps W in Fun(P°P,8).
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THEOREM 5.20. Let € be an co-category. Then C is presentable if and only if there exists a combinatorial
model category M such that € ~ N(M)[W 1.

Presentable co-categories are combinatorial model categories.

THEOREM 5.21. Let M be a combinatorial model category. Let J be a small category. Recall we can
give Fun(J,M) the projective and injective model structures, both with weak equivalence defined levelwise.
Evaluation J x Fun(J,M) — M lifts to a map N(J) x N(Fun(J,M)) — N(M) that induce an equivalence
of co-categories:

N (Fun(J, J\/[))[WF_uln] = Fun(N(J), N(M)[W~1)).

PROOF. Universal property. O

THEOREM 5.22. Given a left Quillen functor F': My — Ms between combinatorial model categories with
weak equivalence classes denoted W; and W5 respectively. Then the total left derived functor LF induces a
functor on the Dwyer—Kan localizations:

LF: NV [W 1 — N(Mo)[Wy ]
that is a left adjoint.

Corollary 5.23. Let M be a combinatorial model category. Then colimits in N(M)[W 1] correspond
precisely to homotopy colimits in M. Similarly, limits in N(M)[W ~!] correspond precisely to homotopy
limits in M.

6. Straightening/unstraightening— Higher categorical Grothendieck construction

Motivation: Let X be a space, and let Cov(X) denote the 1-category of covering spaces of X, so that
in particular the fibers f~! of f : E — X are discrete sets. This defines a map in Top from

X — Set™,
to sets with the discrete topology. Another way to think about this is as a functor
St : Cov(X) — Fun(II (X), Set)
(EL X) e [ze f7H(2)].
A path from z to y (a morphism in II; (X)) induces a set map f~1(z) — f~1(y).
This is an equivalence of categories! This is called the fundamental theorem of covering spaces.

This is a first instance of straightening.
If we view X as an oo-groupoid, then II; (X) = Ho(X) is its homotopy category, and we have that

Fun(IT; (X), Set) = Fun(X, N(Set)),
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since nerve is right adjoint to the homotopy category.
We can denote by Covx C §/X to be the full subcategory of the infinity category of spaces over X
spanned by covering spaces. Then we want to show that

Covx ~ Fun(X, N(Set)).
We have an unstraightening functor
Unst : Fun(X, N(Set)) — Covy,
given by sending some F : X — N(Set) to the pullbackﬂ

E —— N(Set,)~
X T> N(Set):
More generally, if we don’t require the fibers to be discrete, then we can take f : E — X to be any

continuous map. Then we get a functmﬁ

St:8/X — Fun(X,8)

ELX)s [z (@)
Unstraightening is of the form

Unst : Fun(X,8) — 8/X
F + hocolimx F = Upex F~(z)/ ~ .
Let X be connected and suppose X ~ BG. Then we define G-modules in spaces to be
Modg(8) := Fun(BG, 8) = §/BG.

If we take some M : BG — 8, and we post-compose with sections §/BG — 8, then M maps to M"C.
More generally, given F' : X — 8, the limit limx § is given by

S/X sections S.

Goal: Generalize this approach where X is replaced by an oo-category € and 8 is replaced by Cat.
That is, we want to relate Fun(@, Cat,) with some subcategory of Caty,/C.
If f: & — €, what requirement do we need to make sense of an associated functor

F:C— Caty
X = f7H(X).

That is, how can we coherently choose our fibers.
Given X € €, we could take a pullback in Catqo:

Unst

Fun(X,8)

X)) ——
A —— C

If we choose sSetjoya as our model, we would need € — € to be an inner fibration (RLP wrto inner
horns) to get the pullback f~1(X) to be a quasi-category. If we instead say “pullback in quasi-categories,”
this requirement goes away.

Given f: € — Cand X — Y in €, how can we define f~1(X) — f~3(Y) in Cato?

Need: If ¢ : X — Y in € and Ex € € such that f(Ex) = X, then there exists some Ey € & and
¢ : Ex — Ey in € so that f(¢1) = ¢, and that is universal in the following sense: for all Z € € and for all

5Note that N(Set™) = N(Set)=.
6By Fun(X,$) we might mean Fun(Sing(X), Na (Kan)).
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Y:X — Zin Cforall¢: Ex — Ez in € where f(b) = 1, if there exists v : Y — Z then there exists a

unique map 7 : By — Ez in € so that f(¥) =~ and o ¢ = .
We say that ¢ : Ex — Ey is a cocartesian lift of ¢.

Definition 6.1. We say that f: &€ — C is a cocartesian fibration if for all Ex € &, for all ¢ : X — Y with
f(Ex) = X, there exists a cocartesian lift of ¢.

Two cocartesian lifts over the same map are equivalent.
Given f: € = C, X €C,¢: X =Y in C, wesay ¢ : Ex — FEy is a cocartesian lift if the following is a
pullback diagram in spaces:

Home (Ey, Ez) -2 Home(Ex, Ex)

. I
Home(Y, Z) — Home (X, Z),

for any Z € €. In particular, taking maps from A® to the top right and bottom left picks out 1 and -,
respectively, so that yo¢ = ¢, and the universal property of the pullback says that there exists 7 : Ey — Ey

so that ¥¢ = ¢ and f(¥) =

Definition 6.2. We define coCart(€) C Cat/C to be the subcategory of cocartesian fibrations € — C,
with morphisms

e — ¢ ¢

N

so that G sends f-cocartesian lifts to f’-cocartesian lifts.
In this case, straightening defines a functor
St : coCart(C) — Fun(C, Cate ),

sending f : & — € to the functor

C — Caty

X = f7HX)

(X BY) e /710 2 1)

Example 6.3. Let f: X — Y in 8. All lifts are cocartesian lifts. We say that a left fibration is a cocartesian
fibration where every lift is cocartesian.

Example 6.4. Suppose € is an ordinary category. Then we can define a new category whose objects are
f:X =Y in C, and whose morphisms are

x 1 .y

X' T> Y’

This defines what we call the twisted arrow category Tw(C). There is a natural functor
Tw(C) =5 €°P x €
X Ly)— (x,v).
This is a left fibration, by composition. Straightening this, we get
St(Ev) : €°P x € — Set
(X,Y) = Ev 1(X,Y) = Home(X,Y).
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Example 6.5. If C is an oo-category, we can define a twisted arrow category in a similar way
Tw(C) : A°P — Set
[n] — Homgges (A?" 1 @),

where the n-simplices of Tw(C€) should be thought of as

X, X, X, o X,
[ |
Yo Y Ys e Y.

We can define
¢:Tw(C) — C°P
r: Tw(C) — C,

by precomposition with A™ <+ A2"+! These assemble to give
Tw(€) =% €°P x €,

and we have Home(X,Y) = Ev '(X,Y) € 8. This evaluation map is a left fibration, left fibrations are
preserved under pullback, and left fibrations over A? are Kan complexes. Therefore Evfl(X ) is a space.

Example 6.6. Let X € C. Then we can take

We define Cy, := ¢~1(X), and r=1(Y) := €y

A —
4 STRAIGHTENING
UNSTRAIGHTENING

THEOREM 6.7. (Straightening/unstraightening) If € is an co-category, we can define its unstraightening
as

Unst : Fun(C, Cats, ) — coCart(@)

v e, xF
F + colim <Tw(e) By, eor wo @ L55 Catoo) .
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That composite sends
v €, xF
Tw(€) 2% eoP x € —L755 Cato
x Lyv)ym ey, x F(Y).
This forms an equivalence with St.
There is an equivalence
St : LFib(€) = Fun(C, §) : Unst.

If €= X €8, then coCart(X) = Catoo/X.
If @ = N(D), this recovers the usual Grothendieck construction.
If F:C— Caty, then

colimF = Unst(€)[cocart. edges ]
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CHAPTER 4

Higher algebraic structures

1. Unstraightening multiplications

Recall 8 =~ N(sSet)[Wy,. ] the co-category of spaces. When we say X — Y is a map in 8§ we mean that
X — Y is a map in Ho(sSet) not that X — Y is any map in sSet.

Example 1.1. If we have X — Y in §, then X — Y is a left fibration. If X and Y are in Kan and X — Y
this does not imply that X — Y must be a left fibration. What is true is that if X — Y is a Kan fibration,
then X — Y is a left fibration.

We have Catoo >~ N(sSet)[WJ_O;al], so f: € — D in Cats means

—

fF7HX)
l
A

|\ JRE—

0

X

So we always want it to be a fibration.

That is, a map f : € — D in Cat, is not the same as € — D of quasi-categories in sSet.

In Cate, € — D is a cocartesian fibration if there exists a cocartesian lift on any fiber.

If €, D are quasi-categories in sSet joyal, then f : € — D is a cocartesian fibration if f is an inner fibration
(RLP inner horns) AND there is a cocartesian lift of any fiber. The inner fibration condition guarantees
that the fibers are also infinity categories.

Straightening definition last time was wrong. Last time, we had

Unst : Fun(C, Cat,) — coCart(C)

F s (8 Unst(F), e) .

is an equivalence of categories, where

& = colim <TW(€)°p e xer X8 Catoo> .

Example 1.2. Take C = . Then Fun(x, Cats) = Cate,. We have that coCart(x) = Cateo, and that
Tw(*) = #°P = x. The composite sends

Tw(*)°P — % x *°P — Catoo
k> (%,%) > xA X x = A.
Example 1.3. Take € =1=0 — 1. A functor F : 1 — Cat is exactly a functor F': A — D in Caty. We

see that Tw(1) has three objects, being 0 =0, 0 — 1 and 1 = 1. The identity ones both map to 0 — 1 so it
is a span-op category. When we op Tw(1)°P we get the span category, so a colimit becomes a pushout. We
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see that 15, =1 and 1;, = *. Then

A x ll/id&}nﬂ X 10/
& = colim FXidl
B x 11/
AL Ax1
= colim l
B

Then € is a cocartesian fibration over 1, whose fiber over 0 is A, whose fiber over 1 is B, and with maps
F(A) — Bover 0 — 1.

Goal: Redefine a symmetric monoidal category (€, ®, ) as a cocartesian fibration C® — Fin, as certain
“pseudo” functors Fin, — Cat. We could take Fin, — Cat sending (n) to €*".

Q: Given a psuedofunctor F': Fin, — Cat, when is it defining a symmetric monoidal category?
We would need F({n)) = F((1))*™ with Segal’s condition F'({0)) = 0.

THEOREM 1.4. Symmetric monoidal categories are pseudofunctors Fin, — Cat with the Segal condition.

2. Algebras
Last time we defined a symmetric monoidal infinity category to be a cocartesian fibration over Fin, with
a Segal condition. Here € = f~1((1)). We got this by straightening N (Fin,) — Cato,, with (n) — C®".
Suppose we had a natural transformation 1 between functors
C,D : N(Fin,) — Cateo.

This corresponds to a map C® — D® over Fin, sending p-cocartesian lifts to g-cocartesian lifts:

c® D®

Think about this as F(X)@ F(Y) = F(X®Y).
Now suppose we have F® : C® — D® between symmetric monoidal oo-categories. Then we know the
fiber over (1) must be sent to the fiber over (1). Then we get F>, : €7

iy Cly = D%L> for all n.
Denote F = F(%. Then F(%) ~ X,

Let pj : (n) — (1) send everything to 0 except i to 1.

e® F<%> DD
(2) (2)

(o ,p?)l l(p?,p?)

GX@WDX'D.

F(p!) =~ p{ and F(p})

for all n, F‘?L)(Xl,...,Xn) ~

pt. For all i we need that F(pj) is a g-cocartesian lift of p. This means that
< (

F(Xy),...,F(Xp)).

Definition 2.1. A map « : (n) — (k) in Fin, is inert if «='(i) is precisely a singleton for 1 <i < n.
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Fact 2.2. Inert morphisms are generated by p* and 7 (here 7 is the swap of 1 and 2 on (2)).

Let F® : C® — D® that sends p-cocartesian lifts of inert maps to g-cocartesian lifts. We claim this
already gives a lax monoidal structure. Consider m : (2) — (1) the multiplication, and consider (X,Y) € C*2.
There is a map my : € x € — € sending (X,Y) —» X ®Y.

F(X)® F(Y)

It

(F(X), F(Y)) FX@Y).

F(ml)

Note we’re not saying that F'(my) is a cocartesian lift, we’re saying that my is. If F'(m) was a cocartesian
lift, then this would give F(X) ® F(Y) — F(X ® Y) is an equivalence.

Exercise 2.3. Show that ¢ : (0) — (1) induces Ip — F(Ie).

Definition 2.4. For €® and D® symmetric monoidal co-categories, a lax symmetric monoidal functor
F® :@® — D?® is a functor that sends lifts of p-cocartesian inert maps in Fin, to g-cocartesian lifts.

Definition 2.5. We say F'® is strong symmetric monoidal if it sends all p-cocartesian lifts to g-cocartesian
lifts.

We can define
Funy (pin, ) (€%, D®) —— Fun(C®, D¥)

J *
| I
0 [ ni
AY ————— Fun(C¥, Fin,).
Define Fun®'#*(€®, D®) to be the full subcategory of lax monoidal functors, and just Fun®(C®, D?) the
full subcategory of strong monoidal functors.

Example 2.6. Commutative algebras. We have that A? is a symmetric monoidal co-category with trivial
structure, then we have

N (Fin,) — Catoo
sending everything to A°. The associated cocartesian fibration is N (Fin,) — N (Fin,).
We define Alg,_(€) to be Fun®!**(N (Fin, ), €). That is,

N(Fin,) A% e

NG o

N (Fin,)
That is, A® is a section of p that sends inert maps in Fin, to p-cocartesian lifts. We have that A®((1)) €
% =¢€,and A® A — A. We have that A®((0)) = I.

(1)
Q: Can we localize a symmetric monoidal category in such a way that it preserves the symmetric
monoidal structure?

Definition 2.7. (HA 4.1.7.4) Given C® a symmetric monoidal co-category, let W C € a collection of edges.
Assume W is closed under ® (meaning that if Y — Y’ is in W, and X is arbitrary, then X @ Y - X @ Y’
and Y ® X - Y’ ® X are in W as well). The symmetric monoidal localization of C® with W is a symmetric
monoidal co-category C[W ~!]® together with a strong symmetric monoidal functor

0:C% W ®

with the following universal property: for any symmetric monoidal co-category D%, we get an equivalence
of co-categories:

Fun®(€[W 1%, D®) = Fun;, (€%, D¥),
where Funy (—) means sending W to equivalences.
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This always exists. We have that C[W~],;y ~ C[W!]. In terms of cocartesian fibrations it is maybe(?)
some kind of Kan extension
¢ —— Fin,

Definition 2.8. Let (M,®,I) be a symm mon model category (with functorial cofibrant replacement).
Suppose I is cofibrant. Then the Dwyer-Kan localization N(M)[W ~!] can be given a symmetric monoidal
oo-structure as follows:
e Take the cofibrant objects M,
e Take the category of operators M® as an ordinary category (objects are pairs (n),ci,...,c,) and
morphisms are ®;c; — c;- over Fin,
e N(MZ) is a symmetric monoidal co-category, with class W of edges in N (M,)
e Recall that X ® — : M. — M, preserves weak equivalences between cofibrant objects, under the
hypothesis that X is cofibrant.
e Thus N(M®) — N(M.)[W 1% is called the symmetric monoidal Dwyer-Kan localization.

This gives a sym mon structure on the oo-category N(M)[W =1 ~ N(M.)[W~1].

This shows that the derived tensor product ® of a monoidal model category M endows N (M)[W 1]
with a monoidal structure.

Example 2.9. Spaces 8§ have a symmetric monoidal oco-category structure, since we can view them as
N (sSet)[Wi,.] with the cartesian product. Here Algy,_(8) are equivalent to Ex-algebras in spaces.

an

Example 2.10. We have that Cate, =~ N(sSet)[WJ_O;,al] with the cartesian product. Then Algp (Catso)

are symmetric monoidal oo-categories. This is exactly because Algy (Cato) = Fun®'**(N (Fin, ), Cat)
which guarantees the Segal condition.

Example 2.11. If R is a commutative ring, then D(R) ~ Chg [Wp_réj] is a symmetric monoidal co-category.

The injective model structure does not give you a monoidal model category.
We also have the connective case with two models

DZ%(R) =~ N(sModg)[W 1] =~ N(Chz%)[W].
Every symmetric monoidal oo-category C® which is presentable and for which ® preserves colimits is
the symmetric monoidal DK localization of a combinatorial monoidal model category (Lurie-Sagave).
3. Stable co-categories
Universal property for 8 (spaces). Given K € sSet, there is a Yoneda embedding
K — Fun(K°?,8) =: P(K),
which is the adjoint of “internal hom”H
KP x K — 8.
Given € an oo-category, we can call P(C) the universal cocompletion of C. That is, for all D cocomplete,
there is an equivalence
Fun”(P(€), D) = Fun(€, D),
where L denotes colimit-preserving functorsE|
If we choose € = A°, we get
Fun’(8,D) = Fun(A°, D) = D.
1K isn’t necessarily an co-category, so it doesn’t make sense to have internal hom, but this is the straightening of Tw(K) —

K°P x K which is always well-defined.
2For presentable oco-categories, being a left adjoint is equivalent to preserving colimits, hence the superscript “L”
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Hence we can think of § as the “free cocompletion of A°.” Just as a set can be viewed as a union of its
points, we can think of any cocomplete co-category as gluing its paths together.

Definition 3.1. An oo-category is pointed if it has an object with is both initial and terminal. That is,
some 0 € € so that

Home (0, X) ~ * ~ Home (X, 0)
for any X € C.
Example 3.2. If € is an co-category and * € € is a terminal object, we can define
C, :=C, /-
This will be pointed and we will have an adjunction
(-)+: s,
For example, we have
8 = 8. = N(sSet.)[Wil].
If € is a pointed presentable stable co-category, then
Fun’ (8., C) ~ C.

Here 8, is the free presentable pointed oo-category generated by *, = S°.
Now we introduce stable co-categories, which behave like D(R) ~ N (ChR)[Wq;U.

Definition 3.3. Let C be a pointed oco-category. A triangle in C is a square of the form

x 1.y

Lk
0—— Z.
This is specified by a functor N(A! x A!) — € sending the bottom corner to 0.
We say a triangle is ezact if it is a pullback, and coezxact if it is a pushout.
Example 3.4. If f: F — X in §,, then an exact triangle looks like
fYz) —— FE
| b
* — X,
Example 3.5. We have loops and suspension in 8, given by the (homotopy) pullback and pushout squares
QX —— x X — %
| A A
* —— X * — UX
Our goal is to define ¥ : € — € and 2 : € — € for a general pointed oco-category.

Definition 3.6. For C finitely bicomplete, we define €* C Fun(A! x Al €) to be the full subcategory
spanned by diagrams of the form

X — %

[

x* —— UX
Note that maps between such diagrams are the same as maps X — Y. Thus there is an equivalence

X 5e,
and similarly € = C.
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We have
r - Fun(C, €*)
Nl -
* — Fum(\(t7 ©).
Thus there is a unique section sy, : € — €*. So now we can define ¥ : € — € to be
e erSe
Analogously we can define Q.
THEOREM 3.7. If € is a pointed and finitely bicomplete category, we have an adjunction
Y:Cs e
In particular, for XY € C we have
Home(XX,Y) ~ QHome(X,Y).

This is because maps from X — Y are in bijection with

QHom(X,Y) —— Hom(0,Y)

| |

Hom(0,Y) —— Hom(XX,Y).
This tells us that
o Home(XX,Y) = m Home(X,Y),
which is a group. Similarly we get that mo Hom(X2X,Y) is an abelian group.

Definition 3.8. Given f: X — Y in C, we can define the fiber and cofiber as

fib(f) —— X X —Y
[ N A
sy x> cof(f)

Definition 3.9. An oco-category is stable if it is
e pointed
e finitely bicomplete
e triangles are exact if and only if they are coexact.

This last condition is equivalent to any of the following

e a square is a pullback iff it is a pushout
e Y :C = € is an equivalence
e cof : Fun(Al, €) — Fun(Al, @) : cof is an equivalence.

Let € be a stable oo-category. Then
7o Hom(X,Y) = mo(Hom(2X',Y)) = 1 Hom(X2X",Y)

for some X, X”. Thus Ho(@) is an additive category.
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We furthermore have that Ho(C) is triangulated. Given f: X — Y in C,

X ——0

i

Y —— cof(f)

|

0 — XX

Example 3.10. € = D(R). Show this has all the properties mentioned above.
Given € pointed, we want it to be stable. We can force 2 : € — € to be an equivalence by considering
Sp(€) ::hm(~-~ %e&e).

Historically, we tried to invert ¥ (Freudenthal theorem).

We could take Sp"™®, whose objects are finite pointed spaces, and morphisms are stable maps [X,Y].
The problem is that ¥ is not an equivalence on this category.

We could instead take Sp'V!, where objects are pairs (X,n) with X a pointed finite CW complex, and

Hom((X,n), (Y, m)) := colimy, [E"TFX, 2™ Hry] .
Then we have
Spraive <y gpWh
X — (X,0).
The suspension takes the form
¥ SpWVh 5 gpWVh
(X,n)— (X,n+1).
Thus
Sp™™ = colim (Sim =, glin RN ) .
and we have that
Sp(8.) = Ind(Sp™")
— Indcolim (s*jn =z, gfin =, )

= lim (Ind(8") & ma(sin) & .. )

zlim(S* &s&)
. b b
Note that colim (S* =8y — - ) won’t work.

Definition 3.11. If € is a pointed finitely bicomplete oo-category, a prespectrum in € is defined to be a
functor

N(Z xZ) — C,
where X; ; = 0 for i # j. Note that we get induced structure maps o, : XX, = Xp41 and By, @ Xy, = QX 41,

A prespectrum is called a spectrum in C if 8,’s are equivalences for all n. We define Sp(C) to be the full
subcategory of spectra.
Let

sp(e):hm(eﬁeﬁ-.-).
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If € = 8., we will write Sp = Sp(8.) as the oo-category of spectra. We define Ho(Sp) to be the stable
homotopy category.
There is a functor

% : € — PSp(€),

given by sending X to the prespectrum whose (i,4)th entry is ?X.
Then there is a functor for € presentable

PSp(€) — Sp(€)
sending a prespectrum X to X , defined by
X, = colim(X, Lu, OXpp1— ).

Then )Z'n ~ colimp Q¥ X, 1 ~ colimpQF 1 X, ;1. As Q is a right adjoint it commutes with filtered colimits
(using presentable here), so this can be rewritten as

Qcolikaan_,_k_,_l ~ Q)?,H_l.

4. Multiplicative structure in spectra
Last time we had a universal property for C =7, Sp(C€), where € was a pointed presentable co-category.

We had that

Fun®(Sp(€), D) = Fun(€, D)

for any stable presentable co-category D.
We denote by 3°S5° =: S € Sp = Sp(8.), and recall that

Fun®(Sp, D) ~ Fun®(8,, D) ~ D.

So we call Sp the free stable co-category generated by oco.

Q: Can we give a symmetric monoidal structure on Sp analogous to ®z in Ab?

Spanier-Whitehead category: Recall Freudenthal says that if X and Y are finite CW complexes,
then the sequence [LFX,X*Y] stabilizes in k. So Sp""® has objects given by finite CW complexes, and
homs given by stable maps.

To invert 3, we introduced Sp"™", where objects are (X, n) and homs (X,n) — (Y, m) are

colimy, [E" X, SRy
Formally in oco-categories, we have that
SpVI = colim (Spf:n =, Spfin . ) .

Then Sp ~ Ind(Sp*™'™).
Why finiteness? By adjunction we can see

Hom((X,0), (Y,0)) = colimy, [E*X, 2"V

= colimy, [X, Q"EFY]

= [X, colim, Q¥ £FY],
which holds if X is compact (e.g. finite CW). Thus if {—, —} is a hom for spectra, we would have

{X,Y} ={X,Q"¥"Y}.
What is the monoidal structure on SpWh? Recall in 8, we have a smash product, so we could define
(X,n) A(Y,m) = (X AY,n+m).
The unit is (S°,0). This smash product is difficult to translate to spectra however.
Definition 4.1. For all X € Sp, we define
Tn(X) = Hompggp) (X"S, X) =: [E"S, X] € Ab.
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In particular if X is a suspension spectrum, we get
T (EC°X) = [2"S, X X]
= colimy, [S" #5027 X]
= colimy 4+, (X)
= (X).
This is the stable homotopy group of X. It gives us a functor
Sp — N(Ab)
X = m(X).
This factors through

Sp 255 8, I N(Ab)

for n > 2.
(HA 1.4.3.8) The collection of these functors reflect equivalences. That is, if 7, (X) = 7, (Y) for all n,
then X = Y in Sp.

Definition 4.2. We define Sp=" to be the oo-category of connective spectra, the full subcategory of Sp on
those X for which 7, (X) =0 for n < 0.

Example 4.3. For all X € 8., we have that X®°X € Sp=".
We get an adjunction
Sp=? = Sp - T>0,

where the right adjoint to the inclusion is the connective cover.
If X €8, and Y € Sp=Y, we have that

E*X,Y] ~[X,Y].

That is, QY ~ Y.
If Y € Sp=° then Q°Y =Y is an infinite loop space. That is, for all k& > 0, we have that Yy ~ QFY}.
May recognition tells us that

Alg8(8,) ~ Sp=.

If € is a symmetric monoidal category, then CAlg(C) is also a sym mon cat with some underlying tensor
product.

For example if XY are F..-algebras which are grouplike in spaces, then X AY is an E.-algebra in 8,.
It is not true that if X and Y are infinite loop spaces then X AY is an infinite loop space.

Example 4.4. Let G be an abelian group, then K(G,0) is an oco-loop space, with K(G,0) ~ Q"K(G,n).
Let HG € Sp=" be its corresponding spectrum, called the Filenberg-Maclane spectrum of G. This gives a
functor
N(Ab) — Sp=°
G~ HG.

We want a monoidal structure on Sp and Sp=" for this functor to be compatible with ®z in Ab.

Ideas for monoidal structure on Sp:
e On Sp™" we had (X,n) A (Y,m) = (X AY,n+m)
o Algp (S.)
e Ab,®z
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Boardman: We could define (X AY), = X,y A Yy) where a(n) + b(n) = n, and then we could
“Q-spectrify.” There are lots of choices for a(n) and b(n).
Adams: We could define

(XAY)y = \/ S 79X, ANY A M (7)) ~

€ij

where e;; is the square on the Z x Z grid with bottom left corner based at (¢, j), open on the top and right
sides, and M (7) is the Thom complex of a bundle over e;;.

Indexing on Z x Z is hard because we need to understand choices. Model categories allow us to switch
Z x 7 to something that records the choices.

Symmetric spectra: we get a model category Sp> indexed on finite sets and injective morphisms
(Hovey-Shipley-Smith).

Orthogonal spectra: (or EKMM spectra) Spo7 indexed on real inner product spaces. This is by
Mandell-May-Schwede-Shipley.

THEOREM 4.5. (Lewis, ’91) There is no good 1-category Sp' that describes Sp with a monoidal structure
so that:

(1) Sp* is symmetric monoidal

2) There is an adjunction X*° : Top, & Sp': Q>

3) We have that £°°5 is the unit

4) Q= is lax symmetric monoidal

5) For any pointed space, 2°X®°X ~ colim;Q*¥*X. (that is, these functors are really doing stabi-
lization of spaces)

(
(
(
(

For symmetric and orthogonal spectra, it is (3) that messes up — you really need a fibrant replacement.
In EKMM they force (3) to be true, but fail (5).

How to think of X AY in Sp? We use the universal properties, and try to understand its homotopy
groups. There is a Kiinneth spectra sequence to compute 7, (X AY).

Recall that Fun® (8,€) ~ € for € any presentable co-category. This should remind us of the statement
that Homg(R, M) = M for M an R-module. So we want to think of Fun®(—,—) as an internal hom
somewhere.

Definition 4.6. Let Prl denote the (very large) oo-category of presentable co-categories, where
Homp,: (€, D) := Fun®(C, D).
Fact 4.7. This is an internal hom — i.e. if € and D are presentable, then Fun” (€, D) is presentable
We have that
Fun® (€, Fun® (€5, D)) ~ FunP% (€, x €5, D),

that is, functors C; x Co — D which are colimit preserving in each variable.
So we want some tensor product so that the above is equivalent to Fun®(€; ® Gz, D).

Fact 4.8. If C is closed monoidal, then C°P becomes closed monoidal, but where the tensor product and
hom switch roles.

The op of Pr” is Pr®®, where we take limit-preserving functors! So we can check that

C1 ® Cy ~ Fun®(CSP, Cy).

31f we took Fun instead of Fun®, the size might increase, but in fact Fun’ (€,D) is presentable in the same size sense that
mC and D are.
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By construction 8 is the monoidal unit, since
8 ® € = Fun®(8°?, @)
= (Fun®(8, COp))Op
= ()
=C.
Here we are using that

Fun®(—, —) = Fun®(—°P, —°P)°P,

So we need to create our operator category (PrL)® C Cat? ~ N(sSet®)[WJ_O}1,al]. We had a cocartesian

fibration Cat® — Fin,, and we're going to restrict fibers to get the correct thing. The fibers will look like
(C1,...,C,) with C; presentable, and appropriate morphisms.
So the construction we just did argues that Pr’ < Cat., is a lax symmetric monoidal functor. Then

L
Algp_(Pr) = {presentably symmetric monoidal co-cats} ,

and 8 is the initial object. This provides the universal property of spaces with its monoidal structure
8 X 8§ — 8, colimit-preserving in each variable, with the point as the unit.

5. Brown Representability

We’ve seen that the monoidal product on spectra has two intuitions:

(1) Sp=° = Algf“(S.)
(2) Sp™VP = colim (82“ RN ) This had a smash product.

Recall (8, x, *) was the initial object in Algy (PrL). We saw we had
L
(Pr, ®S> — (Catoo, X,AO) ,

with tensor € ® D = Fun’'(€°P, D) and internal hom Fun’ (€, D).

We have Cat® C Cato, on stable co-categories and exact functors, and a corresponding PrSLt c prt
spanned by stable co-categories.

The stabilization functor € +— Sp(C) can be viewed as left adjoint to the inclusion

L L
Sp:Prs I;r
Tensoring with spectra, we get

€ ® Sp = Fun®(€°?, Sp)
= Fun®(€°P,lim (8, «+ ---))
= lim (Fun™(€°",8,) « )

=lim (Cy + -+)

= Sp(@).
Fact: If G, D stable then Fun® (€, D) € Prk.

We can think of stabilization as “extension of scalars” along 8. RN Sp. We have a monoidal adjunction

L L
<Pr,®,8> = <Ptr,®,8p) .
S
Recall Sp is the initial object in PrSLt. This characterizes spectra together with

prSp@Sp

“We have that 8fin is finite CW complexes, not the compact objects in S..
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monoidal and bicolimit preserving so that S is the unit.
We have that ¥5° : 8 — Sp is strong monoidal, and £°° : Sp — § is lax monoidal, implying that

IPXAETY NP (X xY).

We can also shift

no k.8, = Sp: ek,
We call B, = Q> *E.

Formula: For any FE € Sp, we have that
E ~ colimpX>®°~kQ>—F g
~ colimi X "F E}.
For E, F € Sp
ENAF = (colimg £ "E,) A (colimy X~ F,)
= colim, ;X °"*PE, A Fp.
Example 5.1. Recall Mayer-Vietoris: for U,V C X open, we have an LES
o H(UNV)> HU)® H(V) > H(UUV) > H,. 1(UNV) = ---

Recall that H,.(X) = H,.(C.(X)), and by Dold-Kan, we have that C,(X) = 7. Z[Sing(X)]. Let’s reinterpret
Mayer-Vietoris in this setting. It is saying that there is a homotopy pullback in sSet of the form

ZSing, (UNV) ——— ZSing, U
I - |
ZSing, V. —— ZSing U U V.
We can view homology as
Ccwin 5 Kan
X +— ZSing, X.

Mayer-Vietoris is the statement that this sends homotopy pushouts to homotopy pullbacks. We can view
this functor as 8" — 8.

Q: Can we do this for all homology theories?
Definition 5.2. (Eilenberg-Steenrod) A (reduced) homology theory is {En cCwin Ab} such that

1 En invariant under homotopy
2) Excision: FT1(LX) = E;(X)

(1)
(2)
(3) Additivity: E;(X VY) 2 E;(X)® E;(Y)
(4) Exactness: if f: X — Y then

En(X) = En(Y) = En(Cf).

Goal: We can view E, : CW, - Ab as a certain E : §fin 8.
Axiom (1) allows us to extend E, to Ho(8f"). Axiom (2) comes from

Cu(BX)[-1] ~giso Ci(X).
If and only if QZSing¥ X ~ ZSingX. So we’re rephrasing that
QE(SX) ~ E(X).

Axiom (3) comes from C, (X VY) ~ C,(X) & C.(Y). Translating this over to simplicial sets via Dold-Kan,
we get

ZSingX VY ~ ZSing X x ZSingY.
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This gives E(X VY) 2 E(X) ® E(Y) and hence 7,(X x Y) = 7, (X) & m, (Y).
(4) Says m;(fib(f)) = ker(m;(f)). We have that C(X) ~ ker (C,.(Y) — C.(f)). Then

ZSing, (X) = fib (ZSingY — ZSingC'f) .

Hence
E(X) ~ fib (E(Y) = E(Cf)) .
That is,
X —Y
|-
x —— C'f
is sent to

E(X) —— E(Y)
| =
x+ ——— E(Cf).

Definition 5.3. Let € be an oo-category. We say a functor F : 8 — € is

(1) excisive if F' sends pushouts to pullbacks
(2) reduced/pointed if F(x) = x.

We write Exc, (887, €) C Fun(8f», €) for excisive and reduced functors.
Given any 8" s excisive, we obtain a reduced homology theory
8 2, g 15 Ab,
THEOREM 5.4. There is an equivalence
Sp(@) ~ Exc, (8in, @).
PROOF. For some E € Exc, (8, 8), we want to define E € Sp. We define Ey = E(S%), and By = E(S?),
etc. We can define E_,, = Q" E,. This works because
S'IL Sk
| -
* —— Gntl
is sent to
Bsm) —— «
|-
* —— B(SmH).

This gives maps E(S™) = QE(S™+1).
For the other direction, given E € Sp, we can get an excisive functor sending

X — X N Ep.
We can reinterpet
Q> : BExc,(8",8) — 8
E — E(S°).
We can show this is universal. O
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Given E a spectrum, we have an associated reduced homology theory where E, (X) :=mX A Ey.
We have that

YPX A E = colimX®° X A E.
We have that
II(S®X A E) = m, (colimpZ®° %X A Ey)
= colimym, (ZOO_kX A Ek)

= COlimkW*+k(X A Ek).

This is exactly the definition of 75(X A Ej).
Thus

E(X)=mY*X AE.
Example 5.5. Sphere spectrum S € Sp gives the functor
sfin 5 8
X — XAQS°,

where Q(—) = Q®X>®(~) = colimQ*¥*(—). Model categorically they think of this as just the natural
inclusion 8" — § because they derive after including. The homology theory is 8, = 75(—).

Example 5.6. We have that HZ, (X) = Hi(X;Z). Dold-Thom lets us relate X°X A HZ with ZSing(X)
somehow.

Definition 5.7. For F' a spectrum, we can define
E.(F)=m,(EAF).
THEOREM 5.8. (Brown representability) If E*(—) : CW 5 Ab is a reduced homology theory, then
there exists E' € Sp such that E,(X) = 73 (X A Ej).

We looked at 7, of EA —. Taking the same thing for its adjoint, we call F(E, —) the right adjoint to
E A — (this exists because colimit-preserving + presentable). Can take the internal hom to be

F(E,E"), = Homg,(E,S"E").
Can define E"(X) = [X, E,] = [£*° "X, E]. In fact, F(E, E'), = Homg,(E, X" E’). This is because
Homg,(E AS, F) ~ Homg (S, F(E, F)).

Think Hompg(R, M) = M and Homcn, (R, M) = My. Then Homgy (S, E) ~ Ey. This follows from the
loops suspension adjunction:

Hom(X5, E) = Hom(S, E) = Hom(x, Q°FE) = Ej.
For E € Sp can define reduced associated cohomology theory for X € 8,
E"(X)=[X,E,] = 7, F(S°X,E).

6. Modules in spectra

Monoidal categories which are not symmetric:

e Let € be any category, and look at End(€) with composition and the identity
e (G any non-abelian monoid, defines a discrete monoidal category.
e Bimodules over any non-commutative ring
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Recall a sm oo-cat was C® — N(Fin,) a cocartesian fibration + Segal condition. This gave N (Fin,) —
Catoo.

We had 7 : (2) — (2), sending 0 — 0 and swapping 1,2. This alone gave a symmetric structure on ®.
We want to restrict from Fin, to throw out 7 and its friends.

There are multiple ways to do this: can view A°? C Fin, sending [n] — (n). Given « : [k] — [n] we send
it to a map

(n) = (k)
P {i jllse] € [a(i — 1) + 1,a(i)]

The composite
A°? — Fin, C Set,
defines the pointed simplicial set S' = A'/OA! € sSet,.
Definition 6.1. A monoidal oo-cat is a cocart fibration €® — N(A°P) with the Segal condition G‘Ei] —

Xn )
(G%) given by cocartesian lifts of p*: [1] = [n], 0 —i—1, 1 — 4.

By straightening we get N(A°P) — Caty, sending [n] — €*™. This is some kind of bar construction.

Definition 6.2. o € A is inert if a : [n] — [k] is injective, and im(«) C [k] is convex. Inert things in A°P
map to inert things in Fin, under the map defined above.

Definition 6.3. A laz monoidal functor F® : C® — D is a functor

e® £ e
N(A%P),
so that F'® sends cocart lifts of inert to cocart lifts.

A lax monoidal functor F'® is one that sends all cocartesian lifts to cocartesian lifts.
Given € a monoidal co-cat, we have that

Algy, (€) = Fun*(N(A°P), C¥).

Every symmetric monoidal co-cat can be viewed as a monoidal co-cat via

e — c®
| |
N(A) —— N(Fin,).

We could also straighten then precompose with N(A°P) — N(Fin,).
To define modules over a ring, we will use the bar construction [n] — N ® R®" @ M.

Definition 6.4. Let p : € — N(A°P) be a monoidal co-cat. An oo-cat M is said to be left tensored over
C if there is a cocart ¢ : € — N(A°P) so that

that sends cocart lifts to cocart lifts, such that

~oE® ®
S[n] — G[n] X 8{n}
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for {n} C [n], with M = Ejg}, and €[;) ~ € x M. This is formalizing a functor € x M — M compatible with
monoidal structure on C.

Example 6.5. C is left tensored over itself. Then & = C® with €m) = ex(nt1),

Definition 6.6. Given M left tensored over €, a left module of M is a map s : N(A°P) — M® such that
N(AP) 5 n® L e®

is a lax monoidal functor (if a : [k] — [n] is inert in A then f(«) is a cocart fib of C%®).

We write LMod(M) C Funp(aer) (N (A°P), M®) spanned by left modules. We are interested in when
M = €. In that case

LMod(€) — Algg, (C)
(M, A) — A.
Given A € Algg (€), we can define A-modules as

4Mod(€) —— LMod(€)
* ——— Algg, (C).

Can define left A-modules and (A, A)-bimodules in a similar way.
Can defgine left modules in a sym mon co-cat

LModp_ (€) —— LMod(€) = LModp, (€)
- |
Algp (€) ———— Algg, ().
Can check that if A € Algg_(C) then 4Mod(€) = Mod4(C).

7. The Schwede—Shipley Theorem

Goal: generalize the Freyd-Mitchell and Gabriel theeorems.
Given a lax monoidal functor F : € — D between (symmetric) monoidal co-cats, it induces a functor
Algg, (€) — Algg, (D)
A F(A).
1-categorically if A € € is an associative algebra, then F'(A) is an associative algebra.
So lax monoidal is the correct notion needed to lift algebras.
oo-categorically, Algg, (C) are lax monoidal functors * — €. The statement follows from the fact that

composition of lax monoidal functors is lax monoidal.
If F is lax symmetric monoidal, then we can lift

F:Algg (C) — Algg_ (D).
We also have, for all A € Algg (C),
F : ModA(€) = Modj(4)(D).
Recall
N(Ab) — Sp
A— HA.

Here

(1) (HA), = K(A,n) forn>0and % forn <0
(2) HA: 8" — 8§ sends X — X A K(A,0)
(3) By Brown representability, H" (X, A) = [X, K(A4,n)].
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(4) m,(HA) = A if n = 0 and 0 otherwise

HA e Sp=° then the associated element in Alg%‘fkc(s*) is A as a discrete pointed space.
Given A, B € Ab we can compare HA AN HB with A ®z B. These are not the same.

ToHANHB = A®y B
T HANHB#0 1> 0.
IfA=RB :Fg, then
T (HFy A HF) = Foléy, &, .. ]

with |&;| = 2¢ — 1. This is the dual Steenrod algebra.
We can get a map HA A HB — H(A ®z B) by adjunction

T : Sp=" = N(Ab) : H(-).
Then
mo(EAF) = 7o(F) @z mo(F).
Thus mg is strong symmetric monoidal.

Exercise 7.1. If L : € = D : R is an adjunction between symmetric monoidal categories, if L is strong
monoidal then R is lax monoidal.
Warning: 7o : Sp — N(Ab) is not strong monoidal on the entire category of spectra.

Since the inclusion Sp=? < Sp is lax symmetric monoidal, we have the composite N(AD) ELR Sp=® — Sp
is, hence we get

N(Ring) = Alg, (N(Ab)) — Algg, (Sp)
R— HR.

We call Algg, (Sp) ring spectra.
Can we compare with Ab = Modz — D(Z)? Yes we can view D(Z) as Modyz(Sp) in a monoidal way.
Recall that for R € CRing, we get D(R) = N (ChR)[Wp_réj], which is symmetric monoidal co-cat with

®%. We want a monoidal structure on Mod y g(Sp) that mimics the derived tensor product.
Recall 1-categorically that R € Alg(C,®,I) and M € Modr(C) and N € pMod(C), we define @ by the
coequalizer

M@RINIM®N — M®pN.

So on spectra we want a relative smash product.
We have to kill off much higher terms

M Agg N :=colim (--- = M ANHR"> AN = MANHRAN = MAN)

More generally, given R € Algg (C), we can define M ®r N as the colimit of a bar construction. In a
1-category the higher maps don’t matter and we just recover the coequalizer definition.
We have

N(A°P) - N(Fin,) — € — Cate,
[n] — M ® R®" ® N.

For € = Sp, this defines (Modg(Sp), Ar, R). We can also define Fr(M, —) : Modg(Sp) — Modg(Sp) to
be the right adjoint of

M Ar — : Modgr — Modg.
Notation 7.2. If R € Algg_(Sp), and M, N € Modg(Sp), we can define

Torf (M, N) := 7. (M Ag N)
ExtR(M,N) :=m_.Fr(M,N).
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‘We shall see that
7o (HM Agr HN) = Tor®(M, N),

where R € CAlg(Ab) and M, N € Modr(Ab).
We have change of algebras: if f: A — B in Algg_(C), we get a monoidal adjunction

—®a4 B :Mody S Modgp : f*,

where extension is strong monoidal and restriction f* is lax.
In spectra this becomes

— A R:Mods =Sp = Modg : U.

THEOREM 7.3. (Schwede-Shipley) Let C be a stable co-category. Then € ~ ModgSp if and only if C is
presentable, and there exists C' € € compact generator such that if D € € and Extg(C, D) = 0 then D ~ 0.

Lemma 7.4. If C is a stable co-category, and X,Y € €, then Home(X,Y) € Sp.
PROOF. We have that Home(X,Y) € 8., so
QHome(X,Y) ~ Home(XX,Y) ~ Home (X, Y).
So these are infinite loop spaces. O

Proof of theorem: if € ~ Modg(Sp), then C is presentable. Take C' = R, then Extg(R, D) = 7, D. Then
D ~ 0 if and only if 7_, D = 0 for all n.
For the other direction, if @ € Pr’, then as C is stable, there is a map

SpC—=C
(E,C)—» E®C,

adjoint to Home(C, —) valued in Sp. That is, € is tensored and cotensored over spectra.
We have

—®C:Sp s €C: Home(C,—).

Let G = Home(C, —), then the idea is that this is monadic and the monad is equivalent to — Ag R for
some R.
Let @: D — D' in € such that G(«) is an equivalence in Sp. Then G(Ca) ~ 0.

mCa ~ Ext,"(C,Ga) =0,

so Ca ~ 0, so «a equivalence in C.

Then R := G(C) = Home(C,C) = Ende(C) € Algg, (Sp).

With £ € Sp and D € €, get EAG(D) ~ G(E ® D). This is true as G preserves all colimits, suffices to
check for E =S then obvious. R =G(C), EAR=G(X ® C), Barr Beck Lurie monadicity.

If R = Ende(C) get an monoidal variant

L
Algp_(Sp) — Algg_ (Pr)
R~ MOdR.

So we can say that C € Algp__ (PrL) belongs to the image above if and only if there is some I € C a compact
generator.

THEOREM 7.5. (Stable Dold Kan) Let R be a commutative ring. Then
(N[OCl]L]R(Sp)7 AR, HR) ~ (D(R), ®Hfg, R) .

PRrROOF SKETCH. Take D, € Chg, then H,(D,) = Extp"(R,D,) = EXtB?R)(R7 D,). Thus R is a
compact generator.
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Thus D(R) ~ Mod 4 (Sp), where A = Endpg)(R), but we check

_JR n=0
o else,

so A~ HR. O

mn(A) = Extpip (R, R)

Shipley proved this in model categories in early 2000’s.

8. Universal trace methods for algebraic K-theory

Recall: for R € Ring, we can define Ko(R) = Ko(P(R)). The latter Ky is Grothendieck group comple-
tion of commutative monoids, and here P(R) is iso classes of finitely generated projective (right) R-modules.

If M @& N = R", then [M]+ [N] = [R"] in Ko(R). That is, exact sequences split in Ky(R).

Eilenberg swindle: If we just did projective, not also finitely generated, we would get 0 because any
projective M has M & N = R" for some N, n, hence we could take

RP=Mé&NeMeNG---
Since M @ R = R, this would imply [M] = 0.

@Ry
§ 3

e
oo
) EILENBIRG
e ® SNINDLE

Definition 8.1. K,(R) = m,(BGL(R)* x Ko(R)).

Here GL(R) = colim,,GL,,(R), and the plus construction is the universal H-space receiving a map from
BGL(R), abelianizing 7y, ...

Note that BGL(R)" x Ky(R) is an infinite loop space. It admits a Gersten-Wagoner delooping.

K-theory can be generalized to a much wider context, e.g. exact categories, and stable co-categories.

For example R corresponds to the stable co-category Mod(}f[’f;(Sp). Taking compact objects is again to
avoid size issues.

Blumberg-Gepner-Tabuada: Define connective K-theory as a functor
>0
Cat® — Sp=?,
where Cat?! is the category of stable co-categories and exact functors (preserves finite limits and colimits).

Definition 8.2. Let Catggff C Cat® be the full subcategory spanned by idempotent-complete categories.

71



We have that € is idempotent complete if for all X € €, and any e : X — X in C such that €2 ~ e, we
have a splitting onto its image.

F.g. projective modules are idempotent complete, free modules are not.

Idempotent completion is a left adjoint to the inclusion:

Idem : Cat® < Cat2o' . 4,
We have that Idem(€) = Ind(€)¥ (BGT 2.20).
Think of an idempotent complete stable oco-category as the compact objects of a presentable stable

oo-category.
To define K (€) for € € CatP®!, we can take

K(C) =|5.,C~].
K-theory is comprised of two concepts:

e abelian group completion
e splitting exact sequences

Definition 8.3. Let A 2 B <5 @ be exact functors btw stable oo-categories.

(1) Say F'is a Morita equivalence if Idem(F') is an equivalence of co-categories

(2) The sequence is ezact if F is fully faithful, G o F ~ 0, and € ~ B/A in Cat2'",

(3) The sequence is split exact if there exist right adjoint functors F’, G’ to F, G, respectively, so that
F'F =id and GG’ = id.

Definition 8.4. Let E : Cat®t — D where D € Prk. We say E is additive if it:

(1) inverts Morita equivalences
(2) preserves filtered colimits
(3) sends split exact sequences to split (co)fiber sequences in D, i.e. E(B) ~ E(A)V E(B).

Take
st Idem erf erf °p Sp erf °p erf °p
Catst 1990 Catperf <y Fun ((catgo ) ,s) Sp, Fun((catgo ) ,Sp) — Fun( (catgo ) ,Sp)/ ~

where we mod out by split exact sequences.
We call the resulting object M,44, and the composition

Uadd : Catig — Madd-
This functor is the universal additive invariant, in the sends that
FunL(Madd, D) M Fun,qq(Cat®, D)
for all D € Prk.
Definition 8.5. For € € Cat®™ we define
K (€) = Homy,,, (Uaaa (SP™"), Uaaa(€)) € Sp=".

We can make this universal property monoidal: if € is a symmetric monoidal co-category, then K(C) is
an Iy, ring spectrum.

Can construct ® in CatP"" similar to Pr”. This induces a monoidal structure on Fun,gq(Cat2t, Sp) by
Day convolution.

Here U,qq is strong monoidal. Then for all D € Algy (Pr"), we get

Fun®'*(M,qq, D) ~ Fun'®? (CatPt D).
Application: Dennis trace K(R) — THH(R). Here THH(R) = R Agrager R. If R is a k-algebra, get
HH.(R) = H.(R ®@%g po» R) = Tor™ " (R, R).
Can replace R by any stable co-cat C. Here
THH(C) = colim ( ~Mcy,.en) Clen—1,¢n) A= A Clcy, co)) )
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Here THH(Mod®™) = THH(R).

We have THH : Cat® — Sp=°. It is an additive invariant (clearly preserves Morita equivalence and

filtered colimits). Can use Dennis-Waldhausen-Morita argument to show it sends split exact sequences to
cofiber sequences.

THEOREM 8.6. Let E be any additive invariant, i.e. E € Funugq(Cat®, Sp). Then Nat(K,E) =~
E(Sp™Yh).

We see that

Nat(K(—), THH(-)) = THH(Sp"") ~ THH(S) ~ S.
Applying 7, we get that
[K(C), THH(C)] = 7oS X Z.
Given F : K(C) — THH(@), we get
S — Map(Uaqa (Sp™), Uaaa (Sp™™)) ~ K(S) L5 THH(S) ~ S.

The Dennis trace picks up 1 € Z.
We can view K(R) — THH(R) via

BGL,(R) — BY°GL,(R) — BY°M,(R) — BY°R.
On mg, we get
Ko(R) — HHy(R).
For R € Ring, we send [P] — tr(idp @ 0).
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